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Abstract. Influence diagrams are probabilistic graphical models used
to represent and solve decision problems under uncertainty. Sharp numerical values are required to quantify probabilities and utilities. Yet,
real models are based on data streams provided by partially reliable sensors or experts. We propose an interval-valued quantification of these
parameters to gain realism in the modelling and to analyse the sensitivity of the inferences with respect to perturbations of the sharp values.
An extension of the classical influence diagrams formalism to support
interval-valued potentials is provided. Moreover, a variable elimination
algorithm especially designed for these models is developed and evaluated in terms of complexity and empirical performances.

Keywords: Influence diagrams, Bayesian networks, credal networks, sequential
decision making, imprecise probability.

1

Introduction

Influence diagrams are probabilistic graphical models able to cope with decision
problems with uncertainty. The parameters of an influence diagram are conditional probabilities for single variables given some other variables, or utilities
depending on given sets of variables. The quantification of these parameters is
based on a statistical processing of data or on the elicitation of expert knowledge.
Exactly as Bayesian networks, influence diagrams require sharp estimates of
their parameters. Yet, when coping with expert knowledge, sharp values can be
unfit to express judgements (e.g., which is the number modelling the probability
for an option more probable than its negation?). This issue appears also when
coping with scarce or missing data (e.g., probabilities conditional on rare events).
For reasons of this kind, in the last two decades, various extensions of Bayesian
networks to support more general probabilistic statements have been proposed.
These models have been developed in the field of possibility theory [2], evidence
theory [17], and imprecise probability [4]. The latter models, called credal networks, offer a direct sensitivity analysis interpretation: a credal network is a
collection of Bayesian networks, all over the same variables and with the same
graph, whose parameters are consistent with constraints (e.g., intervals) modelling a limited ability in the assessment of sharp estimates. Similarly, various
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extensions of decision trees have also been proposed [9, 11]. The situation is different for influence diagrams. The early attempts of Fertig and Breese [7] first,
and Zaffalon [6] after, to extend these models to non-sharp quantification are to
the best of our knowledge the only works in this direction.3 This is unfortunate
as the above considerations about the difficulty of assessing sharp estimates for
probabilities are even more compelling for utilities, which are supposed to model
intrinsically qualitative objects such as preferences.
In this paper we extend to the interval-valued case the formalism of influence diagrams by keeping the same sensitivity-analysis interpretation of credal
networks: a generalized influence diagram is a collection of classical influence
diagrams consistent with the interval constraints. When coping with intervalvalued utilities we might have overlaps between the different expectations. In
these cases we adopt a conservative approach which rejects decisions leading to
certainly dominated options and keeps all the other ones. A first example of variable elimination to compute inferences in these generalized models (arc reversal
was considered in [7]) is also proposed together with some preliminary tests.

2

Basics

Let us first define the basic notation. We use upper-case letters for variables and
lower-case for states. Given a variable X, x is an element of the domain of X,
which we denote as ΩX . Given a set of n variables X := (X1 , . . . , Xn ), and a
multi-valued index J ⊆ [1, n], XJ is the joint variable including any Xi such
that i ∈ J. Thus, ΩXJ = ×i∈J ΩXi , where × is the Cartesian product. Given a
second index I, notation xI ∼ xJ is used to express consistency, i.e., to denote
the fact that the two states have the same values on XI∩J . Chance variables are
those whose actual value might be unknown, decision variables are those whose
actual value can be set by the decision maker. A potential over XJ is a map
ψ : ΩXJ → R. Probability potentials (PP, also called conditional probability
tables) are special potentials. Given two disjoint set of variables XI and XJ ,
φ(XI , XJ )P
is a PP over XI given XJ if and only if it is a nonnegative potential
such that xI ∈ΩX φ(xI , xJ ) = 1 for each xJ ∈ ΩXJ .
I

Influence Diagrams. Influence diagrams (IDs) [8] are a class of graphical
models designed to formalize sequential decision problems with uncertainty. The
uncertainty is represented by PPs, while the user preferences are represented by
generic potentials called here utility potentials (UPs).
An ID over a set of variables (X, D) is made of a qualitative and a quantitative part. The qualitative part is a directed acyclic graph (DAG) G with three
types of nodes. Chance nodes are depicted as circles and are in one-to-one correspondence with the chance variables, i.e., the variables in X. Decision nodes
are depicted as squares and associated to decision variables D. Utility nodes are
depicted as a diamonds and should be barren. For chance and decision variables
3

Sensitivity analysis does not require the specification of more general class of models,
being only focused on the results of the inferences. Thus, it should be regarded as a
different topic, which, as a matter of fact, received more attention (e.g., [14]).
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we use the terms node and variable interchangeably. Utility nodes are not associated to variables. Still, these nodes are jointly denoted as U . The immediate
predecessors of a node Y according to the G are called parents and denoted as
ΠY . From the quantitative point of view, for each chance node, a PP over the
corresponding variable and its parents is defined, while, for each utility node, a
UP potential over the parents should be assessed. The formal definition of ID is
the following.
Definition 1. An influence diagram is a tuple hG, X, D, U , Φ, Ψ i , where G is
a DAG over X ∪ D ∪ U , while Φ = {φ(X, ΠX )}X∈X and Ψ = {ψ(ΠU )}U ∈U are
collections of, respectively, PPs and UPs.
To model sequential decision problems with IDs, some additional information
should be provided. A complete order of decision variables (e.g., D1 ≺ . . . ≺ Dn ),
and a partial order for X ∪ D consistent with the partial one for D should be
formulated. Accordingly the partial order has form I0 ≺ D1 ≺ I1 ≺ · · · ≺ Dn ≺
In , with ∪nj=0 Ij = X and Ii ∩ Ij = ∅ for each i, j. This reflects a temporal
interpretation: the chance variables in Ii are observed before decision Di+1 is
taken, and the ordering over D reflects the order in which the different decisions
are taken. An ID of this kind is called regular. Non-forgetting assumption is
usually required as well: previous decisions and observations are known at each
decision. Here we only consider regular IDs with the non-forgetting assumption.
A classical example is here below.
Example 1 (The oil wildcatter [15, 16]). An oil wildcatter must decide whether
to drill or not. He is uncertain whether the amount of oil (O) in the place is
empty (e), wet (w) or soaking (s). The wildcatter can make seismic tests (S)
that will give a closed reflection pattern (c) indicating much oil, an open pattern
(o) indicating for some oil, or a diffuse pattern (d) denoting almost no hope for
oil. These two are chance variables, while the decision variables are T [to test (t)
or not (nt)] and D [to drill (d) or not (nd)]. The utility nodes P and C describe
the profit possibly obtained from the presence of oil and the cost of the tests. The
DAG of an ID modelling this problem is in Fig. 1. Decision T precedes decision
D, while the partial order is complete being T ≺ {S} ≺ D ≺ {O}.
φ(O)

φ(S|O, T = t)

φ(S|O, T = nt)

O
e w s
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e w s
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Fig. 1. The oil wildcatter’s decision problem as an ID

ψ(O, D)

ψ(T )

4
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ID Evaluation. A policy for a decision variable D is a map δD : ΩΠD → ΩD ,
i.e., a rule to assign D on the basis of the values of the parents. A strategy ∆ is
a collection of policies, one for each D ∈ D. From a joint observation x of the
chance variables and a strategy ∆, we deduce a joint specification of the decision
variables, and hence of the values of the utilities, which are assumed additive.
Accordingly, we can compute the expected utility of a strategy as follows:
X Y
X
EU(∆) :=
φ(x, πX )
ψ(πU ),
(1)
x X∈X

U ∈U

with x, πX , πU ∼ x, and the values of πX and πU also consistent with the values
of D obtained from x and ∆. A typical task with IDs is to detect the strategy
∆∗ maximizing the expected utility. This should respect the partial order, i.e.,
X Y
X
X
max · · · max
φ(X|ΠX )
ψ(ΠU )
(2)
EU (∆∗ ) =
I0

D1

Dn

In X∈X

U ∈U

The components of this optimal strategy, are called optimal policies, and they can
be regarded as the intermediate steps of the above maximization. The optimal
∗
policy δD
associated to Di is therefore:
i
∗
δD
(ΠDi ) = arg max
i
Di

X
Ii

max · · · max
Di+1

Dn

X Y
In X∈X

φ(X|ΠX )

X

ψ(ΠU ).

(3)

U ∈U

Example 2. In the oil wildcutter’s problem (Ex. 1), when seismic tests have been
done and returned a closed reflection pattern the right thing to do is to drill, i.e.
∗
(S = c, T = t) = d as EUD (S = c, T = t) = 77.5.
δD
Variable Elimination. Variable elimination (VE) is a typical approach to inference in graphical model. VE algorithms for IDs [10, 18] are commonly used to
solve Eq. (2). Unlike VE for Bayesian networks, in regular IDs the elimination
order is not arbitrary: it should be the inverse of an order consistent with the
partial order associated to the ID [12]. Furthermore, while chance variables are
removed by sum, decision variables are instead eliminated by maximization. To
describe VE, we first show how to remove a single variable Y in Alg. 1. The
whole algorithm consists in iterating the procedure over X ∪ D. When the last
variable is eliminated, the algorithm returns a potential with no arguments (i.e.,
a constant) with the value in Eq. (2).
The operator dom returns the variables in the argument of a potential. Sums
in line 4 and maxima in line 6 of Alg. 1 are two different forms (the first for decision, the second for chance variables) of marginalization, removing the variable
from the argument of the potential. The division (line 4) is defined element-wise.
For the PP in line 6, Y can be eliminated by instantiating an arbitrary value [12].
When eliminating a decision variable, the maximization of the UP also gives the
corresponding optimal policy (line 7).
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Algorithm 1 Removing a single (chance or decision) variable Y
1:
2:
3:
4:
5:
6:
7:
8:
9:
10:

(ΦY , ΨY ) ← ({φ ∈ Φ|Y ∈ dom(φ)}, {ψ ∈ Ψ |Y ∈ dom(ψ)})
. Select
(φY , ψY ) ← (⊗φ∈ΦY φ, ⊗ψ∈ΨY ψ)
. Combine
if Y ∈ X then P
P
φ ⊗ψ
(φ0Y , ψY0 ) ← ( Y φY , YP YφY Y )
. Remove by sum (chance vars)
Y
else
(φ0Y , ψY0 ) ← (φY =y , maxY ψY )
. Remove by max (decision vars)
δY∗ ← arg maxY ψY
. Optimal policy (as a byproduct)
end if
(Φ, Ψ ) ← (Φ\ΦY ∪ {φ0Y }, Ψ \ΨY ∪ {ψY0 })
. Update
return (Φ, Ψ )

The operator ⊗ in Alg. 1 combines pairs of potentials as explained here below.
It is easy to check that these definitions are well-posed and that the operator is
associative and commutative.
i) given two UPs, say ψ(XI ) and ψ 0 (XJ ), their combination ψ ⊗ψ 0 is a UP over
XI∪J obtained by element-wise sums, i.e., (ψ ⊗ ψ 0 )(xI∪J ) := ψ(xI ) + ψ 0 (xJ )
for each xI∪J ∈ ΩXI∪J , with xI , xJ ∼ xI∪J ;
ii) given a PP φ(XI , XJ ) and a UP ψ(XK ), their combination φ⊗ψ is a UP over
XL := XI∪J∪K defined by element-wise products, i.e., (φ ⊗ ψ)(xI∪J∪K ) :=
φ(xI , xJ ) · ψ(xK ), for each xI∪J∪K ∈ ΩXI∪J∪K , with xI , xJ , xK ∼ xI∪J∪K ;
iii) finally, given two PPs, say φ(XI , XJ ) and φ0 (XK , XL ), their combination
φ ⊗ φ0 is a PP over XI∪K given X(J∪L)\(I∪K) defined by element-wise products, i.e., (φ ⊗ φ0 )(xI∪K , x(J∪L)\(I∪K) ) := φ(xI , xJ ) · φ(xK , xL ) for each
xI∪K ∈ ΩXI∪K and x(J∪L)\(I∪K) ∈ ΩX(J∪L)\(I∪K) , with xI , xJ , xK , xL ∼
xI∪K , x(J∪L)\(I∪K) .

3

Interval-Valued Potentials

The main goal of this paper is to extend IDs to support interval-valued specifications. To do that, we first formalize the basic notion of interval-valued potential.
Definition 2. An interval-valued utility potential (IUP) over XI is a pair of
UPs over XI . We use the compact notation ψ(XI ) for a IUP over XI , ψ and
ψ are the two UPs involved in the specification and are called, respectively, the
∗
lower and upper bounds of the IUP. The extension ψ (XI ) of this IUP is the
set of UPs consistent with the bounds, i.e.,

∗
ψ (XI ) := ψ : ΩXI → R ψ(xI ) ≤ ψ(xI ) ≤ ψ(xI ), ∀xI ∈ ΩXI .
(4)
The extension of a IUP ψ is non-empty if and only if ψ(xI ) ≤ ψ(xI ) ∀xI ∈
ΩXI . We similarly define an interval-valued probability potential (IPP) over XI
given XJ as a pair of (not necessarily normalized) PPs over XI given XJ . We
denote such a IPP as φ(XI , XJ ), where φ(XI , XJ ) and φ(XI , XJ ) are the two
(unnormalized) bounds. The extension is also defined in terms of consistency.
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φ(xI , xJ ) = 1,

φ (X) := φ : ΩXI × ΩXJ → R+
. (5)
0 φ(xI , xJ ) ≤ φ(xI , xJ ) ≤ φ(xI , xJ ),


∀(xI , xJ ) ∈ ΩXI × ΩXJ
P
Condition φ(xI , xJ ) ≤ φ(xI , xJ ) for each xI , xJ , together with xI φ(xI , xJ ) ≤
P
1 ≤ xI φ(xI , xJ ), for each xJ ∈ ΩXJ is necessary and sufficient for the extenP
sion of the IPP to be non-empty. The additional condition φ(x0i )+ xi 6=x0 φ(xi ) ≤
i
1 and the analogous expression for the lower instead of the upper bounds is called
reachability [5]. The meaning is that for each p ∈ [φ(xI , xJ ), φ(xI , xJ )], there is
∗
at least a PP φ ∈ φ s.t. φ(xI , xJ ) = p. Note also that an IPP with non-empty
extension can be always reduced to a reachable one by shrinking its bounds.
Both the extensions of a IUP and a IPP are therefore convex sets of, respectively, UPs and PPs. Vice versa, while any convex set of UPs can be regarded
as the extension of a IUP, the same does not hold for IPPs.
∗

P

xI

Example 3. Fig. 2 reports an interval-valued specification of the five potential
associated to the ID in Fig. 1. It is a trivial exercise to check that: the IPPs have
non-empty extensions and are reachable, and the UPs and PPs of the original
model are included in the extensions of their interval-valued counterparts.
φ(O)

O
e
w
s
[.4875, .5125] [.2925, .3175] [.195, .22]

ψ(O, D)

T

d
nd

[−5, 5]

φ(S|O, T = t)
c
d

[.585, .61]

[.39, .415]

[−5, 5]

T
t
nt
[−15, −5] [−5, 5]

[−5, 5]

φ(S|O, T = nt)

O
e
w
s
[.0975, .1225] [.2925, .3175] [.4875, .5125]

S o [.2925, .3175]

ψ(T )

O
e
w
s
[−75, −65] [45, 55] [195, 205]

c

[.39, .415]

O
e
w
s
[.325, .35] [.325, .35] [.325, .35]

S o [.325, .35] [.325, .35] [.325, .35]

[.2925, .3175] [.0975, .1225]

d [.325, .35] [.325, .35] [.325, .35]

Fig. 2. A set of IUPs and IPPs for the oil wildcatter’s decision problem

Combining Interval-Valued Potentials. The combination operation over
potentials in Alg. 1 can be extended to interval-valued potentials as follows:
0

0

i) given two IUPs, say ψ(XI ) and ψ (XJ ), their combination ψ ⊗ ψ is a IUP
over XI∪J s.t. (ψ ⊗ ψ 0 )(xI∪J ) := ψ(xI ) + ψ 0 (xJ ) for each xI∪J ∈ ΩXI∪J with
xI , xJ ∼ xI∪J ; and similarly for the upper bounds;
ii) given a IPP φ(XI , XJ ) and a IUP ψ(XK ), their combination φ ⊗ ψ is a IUP
over XI∪J∪K s.t. (ψ ⊗ ψ)(xI∪J∪K ) := φ(xI , xJ ) · ψ(xK ) for each xI∪J∪K ∈
ΩXI∪J∪K , with xI , xJ , xK ∼ xI∪J∪K ; if ψ(xK ) < 0 the lower bound of the
combination is obtained by multiplying the lower bound of the IUP for the
upper bound of the IPP (and vice versa for the upper bound);
0
0
iii) given two IPPs, say ψ(XI , XJ ) and ψ (XK , XL ), their combination ψ ⊗ ψ
is a IPP over XI∪K given X(J∪L)\(I∪K) s.t. (ψ ⊗ ψ 0 )(xI∪K , x(J∪L)\(I∪K) ) :=
ψ(xI , xJ )·ψ(xK , xL ), for each xI∪K ∈ ΩXI∪K and x(J∪L)\(I∪K) ∈ ΩX(J∪L)\(I∪K) ,
0

with xI , xJ , xK , xL ∼ xI∪K , x(J∪L)\(I∪K) . If ψ ⊗ ψ is not reachable, the
transformation to make it reachable is performed.
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The following result, whose proof is left to the reader provides a sensitivityanalysis justification for the proposed generalization of the combination operator.
Proposition 1. Given potentials (no matter whether IUPs or IPPs) ψ and φ
n
o
∗
∗
the extension of their combination is s.t. (ψ ⊗ φ)∗ = ψ ⊗ φ ψ ∈ ψ , φ ∈ φ .

4

Interval Influence Diagrams

IDs can be extended to the interval framework by simply replacing the PPs
and UPs in Def. 1 with an equal number of IPPs and IUPs defined on the same
domains. We call a model of this kind an interval-valued influence diagram (IID).
As an example, the ID in Ex. 1 with the interval-valued quantification in Fig.
2 is an IID over the graph in Fig. 1. Before applying to IIDs the VE scheme
in Alg. 1, the different operations over the potentials involved in the algorithm
should be extended to intervals. In the previous section we discussed how to do
that with the combination. Here we generalize the operations in lines 4 and 6.
Eliminating Chance Variables. We start from line 4. To sum out a variable
from a IPP, we sum out the variable from the two bounds and, if needed, we
make the result reachable. Concerning the sum and division in the second term,
given an IPP φ(XI ∪ Y, XJ ) and a IUP ψ(XK ∪ Y ), we set the result as a IUP

ψ̂ over XI∪J∪K s.t.
∗

ψ̂ (XI∪J∪K ) :=

(
ψ̂(XI∪J∪K )

ψ̂(xI∪J∪K ) =

P

φ(xI ,y,xJ )·ψ(y,xK )
P
y φ(xI ,y,xJ )
∗
∗

y

)

∀xI∪J∪K , ∀φ ∈ φ , ∀ψ ∈ ψ

.

(6)

This allows to obtain a result as in Prop. 1. Note that the argument of the sum
in the numerator can be regarded as an element of (φ ⊗ ψ)∗ . By computing the
bound of the extension in Eq. (6), we eventually obtain the required IUP. Because
∗
∗
of Eqs. (4) and (5), the extensions ψ and φ are convex regions defined by linear
constraints. Furthermore, the objective function to optimize is linear-fractional.
So the task reduces to a linear program by the Charnes-Cooper transformation. Equivalently, the task can be regarded as a combinatorial optimization by
considering only the extreme points of the feasible region.4 Faster, but approximate, approaches can be also considered. To obtain the lower bound, we can
take the lower bound of the numerator and the upper bound of the denominator
in Eq. (6) (and vice versa for the upper bound). This induces an outer approximation. A heuristic alternative consists in consider as PP specifications a lower
bound for a value of Y and the upper bounds for the other values (or vice versa).
Eliminating Decision Variables. Here we discuss the operations in lines 6
and 7. The arg max operation is intrinsically related to the fact that a UP has
sharp values. The problem of deciding the “maximal” options in the interval
case might be arguable. The most conservative approach is the following.
Definition 3. Let ψ be a IUP over Y ∪ X I . An element y ∈ ΩY is intervalmaximal given xI ∈ ΩX I if there is no y 0 ∈ ΩY s.t. ψ(y 0 , xI ) > ψ(y, xI ).
4

The solution of a linear program is an extreme point of the feasible region.
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Let D be a decision to be eliminated from ψ(D, X I ). To detect the opti∗
mal policy δD
(X I ) we compute the interval-maximal states of D given each
xI ∈ ΩX I . This corresponds to a so-called credal policy allowing for indecision
between two or more possible options. Finally the maximization of the IUP is
done as usual by acting separately on the two bounds.
Example 4. In the oil wildcutter’s problem (Ex. 1), if the combinatorial approach
∗
is used, δD
(S = c, T = t) = {d} as EUD (S = c, T = t) ∈ [46.24, 115.78].
Complexity Analysis. VE in IDs takes time exponential in the maximum
clique size (i.e., the arity of the biggest potential generated during the evaluation). The same holds for IIDs, apart from a possible bottleneck during the
elimination of the chance variables as in Eq. (6). This is the case when the
combinatorial optimization is adopted: the number of extreme points to be evaluated is exponential in the number of states. This is not the case with the outer
approximation and the heuristic, as well as the linear programming which is
polynomial in the number of constraints, and hence in the number of states.

5

Empirical Validation

For a preliminary validation of the VE algorithm we consider six IDs [1, 3, 13,
15]. Tab. 1 details the number of nodes of each type for these models. These
IDs are transformed in IIDs by a perturbation of the original parameters. The
approaches in Sect. 4) are compared. Fig. 3 shows the computation times. As
expected, the outer approximation and the heuristic method roughly take the
double of the time required by the precise evaluation. The exact approach with
the extreme points might be very slow if there are chance variables with many
states, this being the case of NHL, which has a chance variable with 12 states.
The exact approach based on linear programming is slightly slower than the
heuristic and the outer approximation.
NHL

|X|
|D|
|U |

17
3
1

Jaundice
21
2
1

Appendicitis Comp. Assym
4
3
1
5
1
2

Oil
2
2
1

Thinkbox
5
2
4

Table 1. Number of chance, decision and utility nodes for the benchmark IIDs

A sensitivity analysis has also been done to evaluate the effect of the size of
the intervals of the initial potentials affects the informativeness of the solutions.
Fig. 4 shows the size of the (interval-valued) expected utility of the optimal policy
EU (∆∗ ) as a function of the sizes of the intervals of the potentials. The results
based on the linear programming and on the enumeration of the extreme points
are exact and therefore coincide. As expected the heuristic is more precise than
the outer approximation, which in some cases returns infinite values because of
a division by zero. If sharp values are assumed for the IPPs and the intervals
are only in the IUPs, the results are those in Fig. 5. The four methods, which
differs only in the treatment of the IPPs, produce the same results. Comparing
the scales of Figs. 4 and 5, it can be observed that the imprecision in the IPPs
has a stronger effect that in the IUPs.
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Fig. 3. Evaluation times for the IIDs in Tab. 1 and relative duration w.r.t. the evaluation of the corresponding IDs

Fig. 4. Size of EU (∆∗ ) for different sizes of the IPPs

Fig. 5. Size of EU (∆∗ ) for different sizes for the IUPs

6

Conclusions and Future Work

We have generalized the formalism of influence diagrams to the interval framework by allowing both probabilities and utilities to take interval values. A variable elimination algorithm has been also proposed and preliminary tested. In the
experimental part, four different methods for eliminating chance variables have
been compared, showing that the best results are obtained if the linear programming approach is considered. As a future work intend to develop approximate
evaluation algorithms for these models.
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