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Abstract

We present a Bayesian network model for predicting the outcome of in-vitro fertilization
(IVF). The problem is characterized by a peculiar missingness process, and we propose a
simple but effective averaging approach which improves parameter estimates compared to
the traditional MAP estimation. The model can provide relevant insights to IVF experts.

1 Introduction

According to the World Health Organization,
infertility affects more than 80 million people
worldwide; in vitro fertilization (IVF) helps ad-
dressing the problem. In IVF, a semen speci-
men is merged with a female egg in laboratory
to yield, after some days of culture, an embryo.
Several embryos are cultured for each woman:
after some days, some or all of them are trans-
ferred to the woman. A clinical pregnancy oc-
curs when at least one of the transferred em-
bryos implants. Predicting the outcome of an
IVF transfer is a challenging problem, in which
models generally achieve only limited accuracy
(Saith et al., 1998; Morales et al., 2008).

A pioneering approach for estimating the
probability of single pregnancy and multiple
pregnancy after an IVF transfer is the EU model
(Speirs et al., 1983), which assumes that, for
pregnancy to happen, both a receptive uterus
and a viable embryo are necessary. We repre-

sent uterine receptivity as the binary variable U ,
with states {u,¬u} (u denoting receptivity, ¬u
non-receptivity); we represent embryo viability
as the binary variable E, with states {e,¬e} (e
denoting viability, ¬e non-viability). We denote
by θe and θu respectively the probabilities of the
embryo to be viable, namely θe = P (E = e),
and θu = P (U = u). The EU model estimates
the probability of pregnancy after the transfer
of a single embryo as θe · θu, thus assuming
the independence of viability and receptivity.
When dealing with the transfer of multiple em-
bryos, each embryo is assumed to implant in-
dependently from the others. For instance, if
two embryos are transferred, the probability of
a single pregnancy is 2θuθe (1 − θe), account-
ing for the fact that two embryos can give rise
to pregnancy; the probability of double preg-
nancy is instead θ2eθu. The EU assumption is
thus that the number of babies born after an
IVF transfer is (U = u) ·

∑
(Ei = e), where Ei



is the viability of the i-th transferred embryo.
The main limitation of the original EU model
is the unrealistic assumption of θe and θu being
identical for respectively all women and all em-
bryos. Therefore, in (Zhou and Weinberg, 1998)
the model has been reworked (adopting a gener-
alized linear model framework) by letting vary
both θu and θe on external covariates; in par-
ticular, by letting θu depend on the age of the
woman and θe on the number of cells which the
embryo contains (the number of cells contained
by an embryo is considered as a marker of its
implantation capability). More recently it has
been investigated (Roberts et al., 2010) how to
select the number and the types of covariates on
which θu and θe should depend. In fact, quan-
tifying how θe and θu vary with the external
covariates such as the age of the woman or the
embryo score is an important by-product of the
models based on the EU assumption, which al-
lows for instance verifying the effectiveness of
the adopted embryo scoring systems, a very im-
portant problem for embryologists.

Analyzing the IVF data under the EU as-
sumption implies having to deal with a partial
observability problem. For instance, if preg-
nancy does not occur, it cannot be ascertained
whether a) the uterus was non-receptive, b) all
the transferred embryos were non-viable or c)
both. If pregnancy occurs, the embryo is known
to be receptive, but it is still unknown which
of the embryos gave rise to the pregnancy, un-
less the number of babies equals the number
of transferred embryos. The partial observabil-
ity problem is addressed by (Zhou and Wein-
berg, 1998) adopting a latent variable formula-
tion, and then estimating the parameters of the
model via Expectation-Maximization (EM).

The contributions of this paper are as follows:
a) a novel probabilistic model of IVF transfers,
based on a Bayesian network; b) a simple but
effective averaging approach to improve the es-
timate of the parameters from the incomplete
samples which characterize the problem; c) a
thorough experimental analysis showing good
predictive performance of the proposed model
on both artificial and real data sets.

2 The model
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Figure 1: The IVF model: nodes affected by
the missingness process are shown with a gray
background.

Given a generic variable X, we denote by θX
the probability mass function which associates
a marginal probability to each different value of
X; we denote by θX|Pa(X) the probability mass
function which associates a conditional proba-
bility to each different value of X, given each
possible configuration of the parents of X, de-
noted as Pa(X). We moreover denote by θ the
set of all the parameters of the BN model.

We represent the IVF transfer by the BN
model shown in Fig. 1. The model manages
IVF cycles with up to three embryos, as this
is the maximum allowed under the Swiss law;
however, it can be straightforwardly extended
to manage a higher number of transferred em-
bryos. The woman age is discretized as {<34,
34-40, 40+}.

We denote by S the set of nodes {S1, S2, S3}
which represent the score of the embryos and
which are referred to as the S-nodes. The score
can be top of non-top depending on the mor-
phology of the embryo, according to criteria
which are out of our scope. Moreover, embryos
graded as top consistently on all the days of the
culture are scored as top-history. The score of
the embryos is also allowed to be no-transfer,
thus allowing to model cycles with less than
3 transferred embryo: since multiple pregnan-
cies are dangerous for the health of both mother
and babies, often only 1 or 2 embryos are trans-
ferred. Summing up, the S-nodes take values in
{no-transfer, non-top, top, top-history}. The
embryos occupy the different positions (1,2,3)



in a purely random fashion.
The S-nodes are tied : they share the same

mass function θS instead of having separate
mass functions θS1 , θS2 and θS3 . This prevents
the same embryo score (e.g., top) being given
a different marginal probability depending on
whether one refers to node S1, S2 or S3. More-
over, sharing the parameters allows to obtain
more accurate estimates than using a different
mass function for each S-node. Node U repre-
sents uterine receptivity; it is therefore binary,
with states (u,¬u). We denote by E the set
of nodes {E1, E3, E3}, which are referred to in
the following as E-nodes. Each E-node repre-
sents the viability of a different embryo; it is
thus binary with states (e,¬e). The E-nodes
share the parameter set of the conditional mass
function θE|S , rather than having independent
mass functions θE|S1

, θE|S2
and θE|S3

. Again,
this prevents two embryos with the same score
being given different probability of being viable
just because they occupy a (random) different
position; moreover, it enables more accurate es-
timate than using a different set of parameters
for each E-node.

The pregnancy node P has four states
{0, 1, 2, 3}, corresponding to the number of ba-
bies which might be born after having trans-
ferred up to three embryos. The CPT of P en-
codes the deterministic EU assumption, namely
it assigns probability 1 to the state whose value
equals (U = u) ∗

∑i=3
i=1(Ei = e).

In the following, we discuss the incomplete-
ness which characterizes the instances. Node P
represents the class; it is thus always observed in
training and always missing in test. The miss-
ingness process affecting the U and the E-nodes
is instead more complicated. Let us consider an
IVF cycle in which all the 3 embryos are trans-
ferred. Let us start by the training stage; re-
call that at training stage P is always observed.
Given P = 0, the observation of node U is miss-
ing; given P > 0, U is observed (U = u). Given
P < 3, the observation of the E-nodes is miss-
ing; given P = 3 , the E-nodes are observed
(Ei = e ∀ i). Thus, the observation of U and
the E-nodes is missing or not depending on the
value of the observed variable P ; the missing-

ness process is MAR (missing at random). Since
most IVF cycles result in no-pregnancy, in most
instances both U and the E-nodes are not ob-
served.

At test stage, the parameters have been al-
ready learned and the goal is to assess the pre-
dictive ability of the model. The U and the
S-nodes are never observed at test stage (if
they were observed at test stage, the outcome
would be known with certainty); they are there-
fore affected by a MCAR (missing completely
at random) missingness process. For more de-
tails about MAR and MCAR missing data, see
(Koller and Friedman, 2009, Chap.19).

In some cycles less than three embryos are
transferred, to reduce the danger of multiple
pregnancy. For these cycles, the missingness
process affects the Et-nodes rather than the E-
nodes, the Et-nodes representing the viability
of the transferred embryos. The Et-nodes are
affected by a MAR and a MCAR missingness
process at respectively train and test stage. The
viability of non-transferred embryos is alway ob-
served (as ¬e), since a non-transferred embryo
is by definition non-viable.

3 Estimation procedure

Given a generic variable X, we denote by θxX the

probability P (X = x) and by θ
x|y
X|Y the prob-

ability P (X = x|Y = y); this additional no-
tation allows accessing singletons of the mass
functions. We denote as X the set of all vari-
ables which constitute the BN model and by x
an instance, namely a single row of data con-
taining either an observation or a missing value
for each variable.

Because of the incomplete samples, the likeli-
hood contains the summation over all the possi-
ble data completions. As an example, consider
the following instance x of the training set:

A U S1 S2 S3 E1 E2 E3 P

40+ u top ntop toph ? ? ? 1

in which a single pregnancy has occurred;
thus, the uterus is known to be receptive (U=u)
but the observations of the E-nodes is missing,



since it is unknown which of the three embryos
has implanted. The possible data completions
are those in which exactly one out of three em-
bryos is viable; the likelihood of the instance is
thus:

P (x|θ) = θ40+A · θuU · θ
top
S · θntopS · θtophS ·

·[θ1|u,e1,¬e2,¬e3P |U,E · θe|topE|S · θ
¬e|ntop
E|S · θ¬e|tophE|S

+θ
1|u,¬e1,e2,¬e3
P |U,E · θ¬e|topE|S · θe|ntopE|S · θ¬e|tophE|S

+θ
1|u,¬e1,¬e2,e3
P |U,E · θ¬e|topE|S · θ¬e|ntopE|S · θe|tophE|S ]

Notice that the likelihood contains terms θtopS ,

θntopS and θtophS rather than θtopS1
, θntopS2

and θtophS3
,

as a consequence of the S-nodes sharing the
same mass function. The same consideration
applies to the E-nodes; in the likelihood it ap-

pears e.g. θ
¬e|top
E|S rather than θ

¬e|top
E1|S .

The log-likelihood for the whole training set is
obtained by summing the logs of the likelihood
of all instances; it has a complex expression,
which would be very difficult to analytically
optimize. However, recalling that the miss-
ingness process at the training stage is MAR,
the Expectation-Maximization algorithm (EM)
can be used to learn the parameters. We esti-
mate the parameters by maximizing the poste-
rior probability of the data P (θ|D) rather than
the likelihood; this approach improves the esti-
mates and reduces the danger of overfitting. In
particular, we adopt a Dirichlet prior for for the
parameters, setting to 1 the equivalent sample
size. In the following, we refer to P (θ|D) as the
MAP score.

Given the multi-modality of P (θ|D), EM con-
verges only to a local maximum of the MAP
score. It is thus common to initialize EM from
m different starting points and to execute m
different EM runs, to eventually select the es-
timate yielding the highest MAP score. In the
following, we refer this procedure as MAP esti-
mation. By definition, MAP estimation selects
the parameterization which is the most proba-
ble a posteriori, rather than integrating over the
full posterior: for this reason, it “does not of-
fer the same benefits as a full Bayesian estima-
tion. It does not attempt to represent the shape

of the posterior and thus does not differentiate
between a flat posterior and a sharply peaked
one.’ ’ (Koller and Friedman, 2009, Sec.17.4.4).
In particular, MAP estimation is a good ap-
proximation of Bayesian estimation when the
posterior is sharply peaked around the maxi-
mum; this is however not the case when learn-
ing from incomplete samples. Typically, differ-
ent EM runs achieve close values of the MAP
score, returning however very different param-
eter estimates. Therefore, MAP estimation in
this context is hardly robust. This consider-
ation remain valid even if informative starting
point are adopted for EM, which allows improv-
ing the estimates.

As an alternative to MAP estimation, we pro-
pose the following averaging approach. With
reference to a generic parameter θxX , we aver-
age its estimates obtained in the m EM runs as
follows:

θ̂xX =

i=m∑
i=1

θ̂x−iX P (θ̂i|D)

i=m∑
i=1

P (θ̂i|D)

(1)

where θ̂x−iX and P (θ̂i|D) denote respectively the
estimate of θxX and the MAP score obtained in
the i-th EM run, once it has converged. We
average all parameters of the model according
to Equation (1).

To illustrate the rationale of our approach,
consider the general query P (Z|y, D), where Z
is the set of variables being queried, and y is
the evidence available on the subset of variables
Y ∈ X . A fully Bayesian inference would be:

P (Z|y, D) =

∫
P (Z|y, D,θ)P (θ|D)dθ (2)

while, under MAP estimation, the above inte-
gral is roughly approximated as:

P (Z|y, D) ≈ P (Z|y, D, θ̂) (3)

where θ̂ represents the most probable parame-
ters estimate a posteriori.

The following pseudo-Bayesian approach
moves towards the Bayesian inference, by sam-



pling the posterior in correspondence of the lo-
cal maxima identified by the m EM runs:

P (Z|y, D) '
i=m∑
i=1

P (Z|y, D, θ̂i)P (θ̂i|D) (4)

The pseudo-Bayesian approach should gener-
ate more accurate inferences than the MAP
approach, because it partially reconstructs the
shape of the posterior. A similar idea has been
for instance used with good results in clustering
with naive Bayes (Santafé et al., 2006). Yet, it
requires keeping a collection of e.g. m=20 net-
works, each characterized by the same structure
but different parameters; this compromises the
possibility for IVF experts of easily interpreting
the model.

The averaging idea of Equation (1) aims at
keeping as much as possible the benefits of
the pseudo-Bayesian approach, but instantiat-
ing only a single network. In particular, av-
eraging the parameters according to Eq. (1)
produces the same inferences of the pseudo-
Bayesian approach of Eq. (4), in case of a query
of type P (X = x|pa(X)), where pa(X) denotes
an instantiation of all the parents of X. In these
cases, the returned inference correspond in fact

to the parameter θ
x|pa(X)
X|Pa(X) of the network; av-

eraging the parameters according to Eq. (1) is
equivalent to averaging the inferences accord-
ing to Eq. (4). This is especially important for
our application, in which IVF experts are inter-
ested in analyzing the estimates of the condi-
tional mass functions θE|S and θU |A.

However, a single network with parameters
averaged according to Eq.(1) does not yield the
same inferences than the pseudo-Bayesian ap-
proach of Eq.(4) in more general queries. In
general, it is not possible replicating by a sin-
gle network the inference produced by a set of
networks. Moreover, the property of parame-
ter decomposability, which allows estimating in-
dependently the different conditional probabil-
ity mass function, does not hold if the training
set is incomplete (Koller and Friedman, 2009,
Chap. 19.1.3). This prevents in principle aver-
aging the parameters referring to the same con-
ditional mass functions across the different EM

runs.

Yet the experiments of the next section show
that the averaging approach consistently out-
performs MAP estimation, both as for the ac-
curacy of the parameters estimates and of the
predictive inferences: the benefits of going to-
wards Bayesian estimation outweigh the effects
of the introduced approximations.

4 Experiments with generated data

We perform experiments with generated data,
in order to compare the estimates generated
by MAP estimation and by the averaging
approach. We consider the network struc-
ture of Figure 1 and the sample sizes n ∈
{50, 150, 300, 450, 600}. For each sample size
n, we perform 100 experiments constituted by
the following steps: a) random drawing of the
parameters of the structure, thus instantiating
the true network ; b) sampling of n complete in-
stances (training set) from the true network; c)
application of the MAR missingness process of
the training stage, described in Section 2; d)
execution of EM from m=20 different initializa-
tions and estimation of the parameters adopting
the MAP and the averaging approach; e) evalu-
ation of the estimated parameters; f) generation
of a test set of 1000 instances, making missing
the U and the E-nodes; g) classification of the
test instances. On average, in the simulations
U is missing in 75% of the instances and the
E-nodes in 80% of the instances.

Since the problem has 4 classes, we measure
the classification performance by computing 4
AUCs: one for each of no-pregnancy, single,
double and triple pregnancy; they are denoted
as AUC0, AUC1, AUC2, AUC3. For this prob-
lem, AUC is a more appropriate measure than
accuracy: typically, some 70-80% of the cy-
cles ends with non-pregnancy and thus a triv-
ial predictor which always returns no-pregnancy
would achieve an apparently high accuracy of
70-80%. Previous studies in this area (Saith et
al., 1998; Morales et al., 2008) show that even
sophisticated classifiers only achieve a small im-
provement of accuracy over the trivial predictor,
whose performance is inflated by the skew in the



class distribution. The AUC is insensitive on
the class distribution and thus allows assessing
more clearly the performance of the classifiers.
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Figure 2: Experimental results on simulated
data; the averaging approach reduces the KL-
divergence from the true model and thus the
mean absolute error (MAE) in the estimation
of the parameters. Each point represents the
average over 100 experiments.

The averaging approach largely reduces,
compared to the MAP estimation, both the
mean and the standard deviation of the KL-
divergence from the true network, as shown in
Figure 2. The reduction of the KL-divergence is
significant at each sample size (t-test, p<0.01).
For instance the mean KL-divergences are for
n=50: 0.22±0.12 for the averaging approach
and 0.48±0.35 for MAP estimation; for n=600:
0.03±0.05 and 0.05±0.09. Thus even for large
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Figure 3: Experimental results on simulated
data; the averaging approach increases the
AUCs compared to MAP estimation. Each
point represents the average over 100 experi-
ments.

n, the averaging approach reduces of about 40%
the mean KL-divergence, although this is hard
to grasp from Figure 2, because of its scale. The
reduction in the KL-divergence implies a much
better estimate of the conditional mass func-



tions θE|S and θU |A. The lower plots of Figure
2 show the reduction of the mean absolute er-
ror in the estimation of two (randomly chosen)
parameters taken from θE|S and θU |A.

The improved estimates result in better pre-
dictive inferences about the probability of preg-
nancy, as measured on the test sets. The averag-
ing approach improves all AUCs over the MAP
estimation, as shown in Figure 3; the improve-
ment is however smaller in percentage than on
the parameter estimates. Considering 4 differ-
ent AUCs and 5 sample sizes, there are 20 pos-
sible combinations n-AUC; in 7 out of such 20
cases the AUC improvement yielded by the av-
eraging approach is significant (t-test, p<0.01).

Another interesting finding is that the AUC
of the true model is generally not very far from
that of the estimated models: the average AUC
(averaging AUC0, AUC1, AUC2, AUC3 over all
experiments) is 83.4, 83.7 and 84.5 for respec-
tively the MAP, the averaging approach and
true model. The point is that at test stage, as
already discussed, U and the E-nodes are never
observed; this is the main difficulty of predict-
ing the outcome of IVF cycles, under the EU
assumption. There is thus a major limit on
predictive performance, which holds also if the
model parameters are perfectly known.

4.1 Analysis of a a real data set

We analyze 388 cycles performed at the In-
ternational Institute for Reproductive Medicine
(IIRM) of Lugano. The percentage of no preg-
nancy, single pregnancy and twin pregnancy is
respectively 80%, 16% and 4%; no triple preg-
nancies are present.

It is not possible measuring the KL-
divergence of the estimated networks from the
true model, which is indeed unknown. However,
we exploit cross-validation to provide some re-
sults about the quality of the parameter esti-
mates. By adopting a 5-folds cross-validation,
4/5 of the instances (310) are used to learn
the model, and the remaining ones to test the
predictions. We consider as a reference model
the BN model learned on the full data set of
388 instances. We repeat 10 times the cross-
validation; this yields a sample of 50 (5 folds · 10

repetitions) KL-divergences between the mod-
els estimated on the sampled training sets and
the reference model. We stratify training and
test sets, which contain the same proportion of
no-pregnancy, single pregnancies and twin preg-
nancy of the complete data set. The averaging
approach reduces the mean KL-divergence from
the reference model of about 5% compared to
MAP estimation; this reduction is significant
(t-test, p<0.01); moreover, it also reduces the
standard deviation of about 15%. The advan-
tage is larger if a smaller training set is avail-
able; repeating the same procedure with a 2-
folds cross-validation (194 instances in the sam-
pled training set), the averaging approach re-
duces the mean KL-divergence of about 42%
and the standard deviation of about 75%. To
avoid any bias in favor of the averaging ap-
proach, the reference model has been estimated
using the MAP approach.

We report in the first column of Table 1
the AUCs measured by 5-folds cross-validation,
adopting the averaging approach (the model is
indicated as BN-EU); they are not significantly
different from those obtained using MAP esti-
mation. In fact, the training set is quite large,
and estimation methods tend to converge as
the sample size increases; moreover, as shown
in the previous section, the averaging approach
yields larger improvements on the parameter es-
timates than on the AUC.

According to the estimates of the BN-EU
model (under the averaging approach), uterine
receptivity drops from 78% to 58% and eventu-
ally 26% for woman aged respectively {<34, 34-
40, 40+}; moreover, embryo viability increases
from 7% to 21% to 39% for embryos scored
respectively as non-top, top and top-history.
These findings show that embryo viability is
generally a more critical factor than uterine re-
ceptivity, as it is generally accepted in the IVF
literature; moreover they show a clear pattern
of embryo viability as a function of the score,
and of uterine receptivity as a function of the
woman age.

As a last finding we present in Table 1 also the
AUCs obtained by Bayesian network classifiers
such as AODE, TAN and naive Bayes (NB); a



BN-EU AODE TAN NB
AUC0 74.1 74.8 73.0 75.2
AUC1 67.0 68.0 65.1 68.4
AUC2 83.4 81.6 79.6 80.1

Table 1: Comparison of different classifiers over
the IIRM data set (average over 10 runs of 5-
folds cross-validation).

presentation of these models can be found in
(Webb et al., 2005). All these classifiers are in-
duced on a data set which contains the same in-
formation provided to model BN-EU; however,
the data set is complete as it does not model
the EU assumption. In particular, it contains
the following features: age of the woman; to-
tal number of transferred embryos; the num-
ber of non-top, top, and top-history embryos
transferred. According to the terminology of
(Roberts, 2007), such a data set is aggregated
at the recipient level, rather the modeling the
interaction between uterus and embryos. De-
spite such classifiers being learned on a com-
plete data set, theirs AUCs are not significantly
better than those of the BN-EU model. How-
ever, the BN-EU model is more interpretable
and provides more insights to IVF experts than
a traditional classifier. We thus share the view-
point of (Roberts, 2007): “Most clinical stud-
ies of embryo-level factors avoid the partial ob-
servability problem by either considering only
patients with single embryo transfer, or by us-
ing a recipient-level aggregated measure. Mod-
elling approaches which correctly incorporate the
structure of the data are to be preferred both for
the analysis of studies of embryo-level viability
predictors, and in order to derive parameters
which can be used in the utilization of such pro-
cedures.’

5 Conclusions

We have proposed a novel BN model for mod-
elling IVF transfer and a simple but effective av-
eraging approach for improving both parameter
estimates and predictive inferences. As a fur-
ther step we plan to study, both from a medical
and a statistical viewpoint, further covariates as
parents of both U and the E-nodes.
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