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Abstract— This paper addresses the set-valued filtering problem for discrete time-varying dynamical systems, whose process
and measurement equations are polynomial functions of the
system state. According to a set-membership framework, the
process and measurement noises, as well as the initial state,
are assumed to belong to bounded uncertainty regions, which
are supposed to be generic semialgebraic sets described by
polynomial inequalities. A sequential algorithm, based on sumof-squares (SOS) representation of positive polynomials is proposed to compute a semialgebraic set described by an a-priori
fixed number of polynomial constraints which is guaranteed to
contain the true state of the system with certainty.

I. I NTRODUCTION
The aim of this paper is to derive a flexible, accurate and
efficient set-valued filtering algorithm for time-varying dynamical systems characterised by polynomial nonlinearities.
Its flexibility comes from the possibility for the practitioner
to choose any semialgebraic set to outer approximate the set
which is guaranteed to include the state values of the system with certainty. Outer approximating regions previously
proposed in set-valued filtering, such as bounding boxes, ellipsoidal regions, parallelotopes and zonotopes can therefore
be seen as particular cases of our approach. We stress the fact
that our algorithm can be applied to any nonlinear dynamical
system characterised by polynomial nonlinearities and, therefore, provides a flexible way to extend set-valued filtering
based on bounding boxes, ellipsoidal regions, parallelotopes
and zonotopes to such nonlinear systems.
Its accuracy comes from the formulation of this outer
approximation problem as a procedure that sequentially
minimises a numerical estimate of the volume of the outerbounding set. The resulting membership set is therefore tight.
Its efficiency comes from the use of a sum-of-squares
relaxation to formulate each iteration of our algorithm as
a convex semi-definite programming (SDP) problem.
We prove theoretically that, despite these approximations,
our membership set always includes the state values of the
system with certainty.
Flexibility, accuracy and efficiency have been the main
drivers in the development of algorithms for set-membership
estimation [1], [2], [3], [4], [5]. Set-membership filtering was
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first proposed in [6], [7], where an ellipsoidal bounding of
the state of linear dynamical systems is computed. The use of
ellipsoidal sets to the state estimation problem has also been
considered by other authors, for example [8], [9], [10]. In
order to improve the estimation accuracy, convex polytopes
instead of ellipsoids have been proposed in [11], [12]. Unfortunately such a polytope may be extremely complex (the
number of vertices of the polytope increases exponentially in
time) and the corresponding polytopic updating algorithms
may require an excessive amount of calculations and storage.
For this reason, the research effort in set-membership has
then focused on efficient solutions. The idea to outer approximate the true polytope with a simpler polytope, i.e., possessing a limited number of vertices (or, equivalently, faces), was
considered in [13]. In this respect, a parallelotopic approximation of the set-membership set was presented in [14], [15].
Minimum-volume bounding parallelotopes are then used to
estimate the state of a discrete-linear dynamical system
with polynomial complexity. Zonotopes have been proposed
to reduce the conservativeness of parallelotopes. Zonotopes
were used in [16], [17], [18] to build a state bounding
observer in the context of linear discrete systems and in
[19] for nonlinear discrete-time systems. Similar approaches
for set-membership estimation for nonlinear systems are
presented in [20], [21], [22], where ellipsoids are used
instead of zonotopes. Randomized methods are employed
in [23] to approximate, with probabilistic guarantees, the
uncertain state trajectory with polynomial sublevel sets. In
[24], by exploiting results on filtering with sets of probability
measures [25], [26], [27], it is showed that set-membership
estimation can be equivalently formulated in the probabilistic
setting by employing sets of probability measures. Moreover,
as an application of the approach, a set-membership filter
for polynomial nonlinear dynamical system based on nonsymmetrical polytopic bounds is derived. The present work
generalises this latter idea by allowing the practitioner to
choose any semialgebraic set as membership set.
II. P ROBLEM FORMULATION
Let us consider a discrete time-varying nonlinear dynamical system described by the difference equations:

x(k) = a(x(k − 1), k − 1) + w(k − 1),
(1)
y(k) = c(x(k), k) + v(k),
where x(k) = [x1 (k), . . . , xn (k)]> ∈ Rn represent the
state of the system at time k, y(k) ∈ Rm is the vector of
output measurements, w(k) ∈ Rn and v(k) ∈ Rm are the
process and the measurement noise, respectively. The terms
a(x(k), k) and c(x(k), k) are assumed to be polynomial

functions in the state x(k) with known time-varying coefficients.1 According to a set-membership filtering framework,
the only available information on the noises w(k), v(k)
and the initial state x(0) is that they belong to compact
uncertainty sets, i.e.,
w(k) ∈ Wk , v(k) ∈ Vk , x(0) ∈ X0 .

(2)

In this work, we assume that Wk , Vk , X0 are compact semialgebraic sets described by polynomial inequalities, namely:
Wk = {w(k) ∈ Rn : hw
i (w(k), k) ≤ 0, i = 1, . . . , tw } ,
(3)
where hw
(with
i
=
1,
.
.
.
,
t
,
t
∈
N)
are
known
w
w
i
polynomial functions in the variable w(k). The sets Vk , X0
are described similarly. Note that the assumption that the sets
Wk , Vk , X0 are semialgebraic is quite general and includes,
among others, uncertainty sets such as bounding boxes and
ellipsoidal regions.
This paper addresses a set-values filtering problem, formally defined as follows.
Problem 1: [Set-valued filtering]
Given the dynamical equations (1), the output observation
y(k), the bounding sets for the initial state and for the
noises X0 , Wk , Vk , the problem of set-valued filtering aims
at recursively computing, for each time step k = 1, 2, . . .,
the state uncertainty set Xk defined as:
Xk = { x(k) ∈ Rn: x(k)−a(x(k − 1), k − 1) ∈ Wk−1 ,
y(k) − c(x(k), k) ∈ Vk ,
x(k − 1) ∈ Xk−1 } .
(4)

Note that the state uncertainty set Xk in (4) is defined in
a recursive way, and it represents the set of all values of the
state x(k) compatible with the available information, namely
the system equations (1), the output observations up to time
k, and the assumed uncertainty sets on the initial state x(0)
and on the noises w(k − 1) and v(k).
Unfortunately, the representation of the set Xk becomes
more and more complicated as the time k increases. In
the following, we propose an algorithm to compute, in a
recursive fashion, an outer approximation Sk for the state
uncertainty set Xk which is guaranteed to contain the “true”
state x(k), i.e., Sk ⊇ Xk ∈ x(k). More specifically, we
propose a heuristic to find a semialgebraic set Sk , described
by an a-priori fixed number of polynomial inequalities, which
outer approximates Xk .
III. R ECURSIVE APPROXIMATION OF THE STATE
UNCERTAINTY SET Xk
In order to recursively approximate the state uncertainty
set Xk with an outer-bounding semialgebraic set Sk , the outer
set Sk−1 ⊇ Xk−1 computed at step k − 1 is propagated. This
allows us to embed all past information into the set Sk−1 . In
1 Without loss of generality, autonomous systems are considered in (1).
The presence of known input signals can be simply embedded in the timevarying coefficients of the polynomials a(x(k), k) and c(x(k), k).

this way, we can easily construct a first outer approximation
X̄k of the set Xk (originally defined in (4)) as follows
x(k) ∈ Rn: x(k)−a(x(k − 1), k − 1) ∈ Wk−1 ,
y(k) − c(x(k), k) ∈ Vk , x(k − 1) ∈ Sk−1 } .
(5)
Note that, since Wk−1 and Vk are assumed to be semialgebraic sets, and Sk−1 is semialgbraic by construction, thus X̄k
is a semialgebraic set, defined in a compact form by generic
polynomial inequality constraints as follows
X̄k = {

X̄k = {x(k) ∈ Rn : hxi (x̃(k), k) ≤ 0, i = 1, . . . , tx } ,
(6)
where hxi (x̃(k), k), with i = 1, . . . , tx , are polynomial functions in the augmented state variable x̃(k) = [x(k) x(k−1)]
and they are defined based on the representation of X̄k in (5).
IV. O UTER APPROXIMATING X̄k
In this section, we show how to outer approximate X̄k
(and thus also the tight state uncertainty set Xk ) by a more
simple semialgeraic set Sk defined by an a-priori specified
number ts ∈ N of polynomial inequalities of a given degree
less than or equal to d ∈ N.
Let us first consider the following generic description for
the set Sk we are seeking for:
Sk = {x(k) ∈ Rn : hsi (x(k), k) ≤ 0, i = 1, . . . , ts } ,
(7)
where hsi (x(k), k), with i = 1, . . . , ts , are polynomial
functions in the state x(k) of maximum degree d, i.e.,
hsi (x(k), k) = hi (k)qd (x(k)),

(8)

where
qd (x) = [1, x1 , . . . , xn , x21 , x1 x2 , . . . , x2n , . . . , xd1 , . . . , xdn ]>
(9)

is the vector (of dimension s(d) = n+d
)
containing
all
d
monomials of degrees less than or equal to d, and hi (k) ∈
R1×s(d) is a row vector of coefficients. In the following, the
dependence of Sk , X̄k , hsi (x(k), k) and hi (k) on the time
index k will be dropped to alleviate the notation.
Our goal is thus to choose the polynomials hsi (x) (or
equivalently the corresponding vector of coefficients hi ),
with i = 1, . . . , ts , solving the minimum-volume problem:
Z
inf
dx s.t. X̄ ⊆ S,
(10)
S

S

with S constrained to be a semialgebraic set defined as in (7).
In the following, we present a sequential heuristic to
compute an approximate solution of the minimum-volume
problem (10). Although approximated, the computed solution
always satisfies the hard constraint X̄ ⊆ S, and thus the state
x(k) is guaranteed to belong to the computed set Sk .
A. Approximating the objective function in (10)
R
Computing the volume S dx of a semialgebraic set S is
a challenging problem even in the simpler case where S is
a polytope. In our case, the problem is even more difficult
as S is not known, as computing S is part of the problem

itself. The first step we perform in this paper to tackle this
challenging problem is based on Monte Carlo integration, as
described in the following.
Let us suppose we are given an outer-bounding box B ⊆
Rn containing the set X̄ we would like to outer approximate
(the computation of the box B will be discussed in Section IV-E). Then, a sequence P = {pj }N
j=1 of random points
independent and uniformly distributed in B is generated and,
according to Monte Carlo integration, the volume of the
(unknown) set S is approximated by
Z
X
1
I{S} (pj ),
(11)
dx ≈ V ol(B)
N
S
pj ∈P

1. for i = 1, . . . , ts
1.1. compute the coefficient vector hsi 6= 0 of the polynomial hsi (x) 6= 0 such that: (i) hsi (x) ≤ 0 ∀ x ∈ X̄ ;
(ii) the number of points pj ∈ P satisfying the
constraint hsi (pj ) ≤ 0 is minimized, i.e.,
X
(15a)
hsi = arg min
I{hsi (x)≤0} (pj )
s
hi 6=0

s.t.

where V ol(B) is the volume of the box B and I{S} (pj ) is
the indicator function of the set S defined as

1 if pj ∈ S,
I{S} (pj ) =
(12)
0 otherwise.
Remark 1: It is well known from the theory of Monte
Carlo integration (see, e.g., [28]) that the following limit
holds with probability 1:
Z
X
1
lim
V ol(B)
I{S} (pj ) =
dx.
(13)
N →∞ N
S
pj ∈P


Using (11), the minimum-volume problem (10) is approximated by
X
inf
I{S} (pj ) s.t. X̄ ⊆ S.
(14)
S
pj ∈P

The minimization problem (14) is solved through the
sequential procedure described in the following paragraph.
B. A sequential procedure for solving (14)
The sequential procedure presented in this paragraph to
compute a feasible semialgebraic set S for (14) (and with
the fixed structure in (7)) is outlined in Algorithm 1, whose
underlying ideas have been originally proposed in [29].
Algorithm 1 generates, in a sequential way, a sequence of
semialgebraic sets S (i) , with i = 1, . . . , ts , each defined by
a single polynomial inequality constraint as follows
S (i) = {x(k) ∈ Rn : hsi (x) ≤ 0} .

Algorithm 1 Outer approximating X̄ .
Input: Number ts of inequality constraints hsi (x) ≤ 0
defining S in (7) ; sequence P = {pj }N
j=1 of random points
uniformly distributed in an outer-bounding box B.

(16)

First, the set S (1) which minimizes (an approximation
of) the volume of the set B ∩ S (1) is computed (Step 1.1,
Problem (15)). We remind that the approximation is due to
the fact that V ol(B ∩PS (1) ) is approximated, up to the constant N1 V ol(B), by pj ∈P I{hsi (x)≤0} (pj ) in the objective
cost (15a). Because of the constraint (15b), the set S (1) is
guaranteed to contain the original semialgebraic set X̄ , i.e.,
X̄ ⊆ S (1) .
Then, a new semialgebraic region S (2) ⊇ X̄ that minimizes (an approximation of) the volume of the set B ∩S (1) ∩
S (2) is generated. In order to approximate the volume of
B ∩ S (1) ∩ S (2) , all points pj in the sequence P that do not
belong to B ∩ S (1) were previously discarded (Step 1.2).

pj ∈P
s
hi (x) ≤

0

∀ x ∈ X̄

(15b)

1.2. update the sequence P by collecting all and only
points in P which satisfy the constraint hsi (pj ) ≤ 0
2. define S as S = {x ∈ Rn : hsi (x) ≤ 0, i = 1, . . . , ts }
Output: Outer approximating semialgebraic set S.

The procedure is repeated until ts sets S (i) are generated,
with final outer-approximating set S defined by
s
S = ∩ti=1
S (i) .

(17)

Remark 2: The constraints defining the box B can be also
added in the definition S to further reduce the volume of S.
In this case, the final outer approximating set S is given by


s
S = B ∩ ∩ti=1
S (i) ,
leading to a set S defined by 2n + ts polynomial inequalities
constraints (2n of which are actually linear).

Remark 3: In order to handle the constraint hsi 6= 0 and
normalize the vector hsi , we may split problem (15) into
two problems, where we may enforce, for instance, that the
coefficient associated to the monomial x1 is 1 (resp. −1).
Because of the simplicity in handling the constraint hsi 6= 0,
in the following we will omit the condition hsi 6= 0.

The following paragraph provides all mathematical details
to compute a solution of problem (15), the core step in
Algorithm 1. In particular, we P
show how to handle the
discontinuous objective function pj ∈P I{hsi (x)≤0} (pj ) and
the robust constraint hsi (x) ≤ 0 ∀ x ∈ X̄ .
C. Approximation of the indicator functions
Let us first consider the discontinuous objective function in (15a), given by the sum of the indicator functions
I{hsi (x)≤0} (pj ) defined as

1 if hsi (pj ) ≤ 0,
I{hsi (x)≤0} (pj ) =
(18)
0 if hsi (pj ) > 0.
Each indicator function is approximated by the continuous
piecewise polynomial function T{hsi (x)≤0} defined as

−hsi (x) if hsi (x) ≤ 0,
T{hsi (x)≤0} (x) =
(19)
0
if hsi (x) > 0.

Based on the approximations of the indicator functions
I{hsi (x)≤0} with T{hsi (x)≤0} , problem (15) is relaxed as
X
(20a)
hsi = arg min
T{hsi (x)≤0} (pj )
s
hi 6=0

pj ∈P

hsi (x) ≤ 0

s.t.

∀ x ∈ X̄ .

(20b)

Note that the functional of problem (20) is a convex piecewise linear function in the unknown optimization variables
(namely, the coefficients hsi of the polynomial hsi (x)).
Theorem 1: If there exists at least one point pj in the
sequence P such that hsi (pj ) < 0 (with hsi being the optimal
polynomial solving problem (20)), then the set hsi (x) = 0
and X̄ have (at least) a common point.
Proof: Theorem 1 is proven by contradiction. Let h̃si (x)
be the optimal polynomial function for (20) and suppose that
all the roots of h̃si (x) do not belong to X̄ , that is: h̃si (x) < 0
for all x ∈ X̄ . Equivalently, for some ε > 0,
h̃si (x)

+ε≤0

∀x ∈ X̄ .

(21)

˜
˜
Let us define the polynomial h̃si as h̃si (x) = h̃si (x) + ε.
˜
From (21), the polynomial h̃si (x) is feasible for problem (20).
˜
Furthermore, since the constraint h̃si (x) ≤ 0 is more demanding than h̃si (x) ≤ 0, we have S̃˜(i) ⊆ S̃ (i) , with
n
o
S̃ (i) = x(k) ∈ Rn : h̃si (x) ≤ 0 ,
n
o
˜
S̃˜(i) = x(k) ∈ Rn : h̃si (x) ≤ 0 .

P

Let us define the costs Ṽ = pj ∈P T{h̃s (x)≤0} (pj ) and
i
P
˜
Ṽ = pj ∈P T{h̃˜ s (x)≤0} (pj ). By definition of the function
i
T{hsi (x)≤0} (x) in (19), we have

−h̃si (x) if x ∈ S̃ (i) ,
(22)
T{h̃s (x)≤0} (x) =
i
0
if x ∈
/ S̃ (i) .
and
(
T{h̃˜ s (x)≤0} (x) =
i

˜
−h̃si (x)
0

if x ∈ S̃˜(i) ,
if x ∈
/ S̃˜(i) .

(23)

Since S̃˜(i) ⊆ S̃ (i) , then:
• when T{h̃s (x)≤0} (pj ) = 0, also T ˜ s
(p ) is equal
{h̃i (x)≤0} j
i
to 0.
s
• when T{h̃s (x)≤0} (pj ) = −h̃i (pj ), then T ˜ s
(p )
{h̃i (x)≤0} j
i
˜s
can be equal either to 0 or to −h̃i (pj ). In this case,
˜
since −h̃si (pj ) ≥ 0, and −h̃si (pj ) > −h̃si (pj ), then
T{h̃s (x)≤0} (pj ) > T{h̃˜ s (x)≤0} (pj ).
i

i

By hypothesis, there should exist at least one point pj in P
such that h̃si (pj ) < 0. Thus, based on the second condition
above, we have Ṽ > Ṽ˜ . Therefore, h̃si can not be the optimal
solution of problem (20). This leads to a contradiction.
The statement in Theorem 1 can be interpreted as follows. Although the indicator functions have been relaxed
by the convex-in-the-coefficients functions T{hsi (x)≤0} , the

optimization problem (20) provides a semialgebraic set S (i)
which outer approximates X̄ and always passes through at
least a point of the boundary of X̄ .
D. Handling the constraint X̄ ⊆ S (i)
The constraint X̄ ⊆ S (i) , or equivalently the robust
inequality constraint hsi (x) ≤ 0 ∀ x ∈ X̄ in (20b), can
be handled through relaxation techniques based on sum-ofsquares (SOS) polynomials. Indeed, a sufficient condition
for a polynomial to be nonnegative over a semialgebraic set
is that it can be written in terms of SOS polynomials, as
described in the following.
First, the definition of a SOS polynomial is provided.
Definition 1: A polynomial σ in the variable x ∈ Rn of
degree 2d is a sum-of-square polynomial if and only if it
can be written as:
σ(x) = qd (x)> Qqd (x),

(24)

with Q beinga real positive-semidefinite symmetric matrix
(of size n+d
d ), and qd (x) is the vector of all monomials
up to degree d and defined similarly to (9).

Using relaxations based on sum-of-squares polynomials [30], Problem (20) is relaxed by the following problem:
hsi = arg min
s

X

hi
x pj ∈P
{Qt }tt=0

T{hsi (x)≤0} (pj )

(25a)

s.t. hsi qd (x) = −qd (x̃)> Q0 qd (x̃)+
+

tx
X

qd (x̃)> Qt qd (x̃)hxi (x̃), ∀ x̃ ∈ R2n (25b)

t=1

Qt  0, t = 0, . . . , tx .

(25c)

Note that (25) is a convex semidefinite programming
(SDP) problem. In fact: (i) the objective function is a
convex piecewise-linear function in the unknown optimization variables hsi ; (ii) checking if the polynomial
s
h
= hsi qd (x) is equal to −qd (x̃)> Q0 qd (x̃) +
Pi (x)
tx
>
x
t=1 qd (x̃) Qt qd (x̃)hi (x̃) for all x̃ leads to linear equals
ity constraints in hi and in the matrix coefficients Qt of the
SOS polynomials σt (x̃) = qd (x̃)> Qt qd (x̃).
Furthermore, from the definition of the set X̄ in (7), the
polynomials hxi (x̃) are always P
negative for all x̃ ∈ X̄ . Thus,
tx
the term −qd (x̃)> Q0 qd (x̃) + t=1
qd (x̃)> Qt qd (x̃)hxi (x̃)
is always negative for all x̃ ∈ X̄ . Because of the equality
constraint in (25b), the original robust constraint hsi (x) ≤
0 ∀ x ∈ X̄ in (20b) is always satisfied. Thus, the solution
hsi of the SDP problem (25) is always a feasible solution for
the semi-infinite optimization problem (20).
Since the equality constraint in (25b) gives only a sufficient condition for the negativity of hsi (x) on X̄ , it follows
that conservativeness is introduced in solving (25) instead of
(20). Thus, the relaxed semialgebraic set S (i) defined as
S (i) = {x(k) ∈ Rn : hsi qd (x) ≤ 0} ,
is guaranteed to contain X̄ , i.e., X̄ ⊆ S (i) .

Finally, according to the Putinar’s Positivstellensatz (see,
e.g., [31]), a polynomial which is nonnegative over a compact
semialgebraic set X̄ can be written (under mild assumptions)
as a combination of SOS polynomials, provided that the
degree 2d of the SOS polynomials σ0 (x̃), . . . , σtx (x̃) is large
enough. Thus, the conservatives of the SDP problem (25)
in approximating (20) can be reduced by increasing d.
Nevertheless, in practice, satisfactory results are achieved for
small values of the SOS degree 2d.
Remark 4: Thanks to the flexibility of semialgebraic sets,
ellipsoidal regions can be also computed. This simply requires to use only one second-order inequality constraint
hs1 qd (x) ≤ 0, and enforce the Hessian of hs1 qd (x) to be
positive semidefinite. This leads to an addition convex linear
matrix-inequality (LMI) in the unknown coefficients hs1 . 
E. Computing the initial outer-bounding box B
So far, we have assumed to know an outer-bounding box
B for the set X̄ from which the initial sequence P of
random points is generated. The computation of this box
B can be easily formulated in terms of 2n independent
polynomial optimization problems (namely, one minimization and one optimization problem for each dimension of
X̄ ), as also recently proposed in the literature of parametric
set-membership identification [32], [33]. For instance, the
maximum value xi over the i-th axis, namely
xi = max xi ,

(26)

x∈X̄

is given by the solution of the semi-infinite problem
min ρ
ρ

s.t.

xi − ρ ≤ 0

∀ x ∈ X̄ .

(27)

An upper bound of xi can be thus obtained by replacing
the robust constrain xi − ρ ≤ 0 ∀ x ∈ X̄ using the SOS
relaxation discussed in Section IV-D.
V. N UMERICAL EXAMPLE
Let us consider the Van der Pol oscillator, whose dynamics
are described in continuous time by the equations:
ẋ1 = x2 ,

ẋ2 = µx2 (1 − x21 ) − x1 ,

(28)

where x1 , x2 are the two state variables of the system, and
µ is the damping parameter, which is set equal to 0.5 in this
example. The system (28) is simulated for 6 seconds starting
from initial conditions x1 (0) = 0.5 and x2 (0) = −0.5. Only
the first state variable x1 is assumed to be measured at a
sampling time Ts = 0.2 s. Thus, for each sampling time
k = 1, 2, . . ., the output equation of the system is given by
y(k) = x1 (k) + v(k),

(29)

where the amplitude of the measurement noise v is assumed
to be bounded by |v(k)| ≤ 0.2.
The discrete-time representation of the model is obtained
by approximating the differential equations (28) using a
forward Euler method. No process noise is assumed (i.e.,
w(k) = 0) and the initial conditions are supposed to belong
to the box X0 = [0.2 0.8] × [−0.6 − 0.2].
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Fig. 1: Bounds obtained by propagating semialgebraic sets
(grey line) and boxes (black line); true state (black dots).
Semialgebraic outer approximations Sk of the state uncertainty set X̄k are computed for each k = 1, 2, . . . , 30 via
Algorithm 1, using a sequence P of N = 20 randomly generated points. Only ts = 2 inequality constraints (plus 4 linear
constraints defining the outer box Bk ) are used to describe
the set Sk . Thus, in total, six SDP relaxed problems (25c)
are solved. Such relaxed problems are formulated using the
Matlab interface SOStools [34], and solved by the SDP solver
SeDuMi. The average CPU time required to compute an
outer-approximating semialgebraic set Sk is 42 seconds in an
i7 2.5-GHz Intel core processor with 16 GB of RAM running
MATLAB R2018a. This time also includes the formulation
of the relaxed problems (25c) through the SOStools interface.
Note that, only 4 seconds out of 42 are necessary to solve
the six semi-definite programming problems.
Figure 1 shows the true time-trajectory of the two state
variables, along with the bounds obtained by propagating
the computed semialgebraic sets Sk . For comparison, the
bounds on each state obtained by propagating boxes are
also plotted. The obtained results show that, as expected,
propagating outer-approximating semialgebraic sets instead
of outer-approximating boxes provides a more accurate reconstruction of the state variables.
Figure 2 shows the outer-approximating semialgebraic sets
Sk computed at time samples k = 9 and k = 10. For the
sake of comparison, the outer-approximating sets obtained
by propagating boxes and ellipsoidal regions (see Remark 4)
are also reported. As point out in the Introduction, our
method allows the practitioner to choose any shape (that can
be described by semi-algebraic inequalities) as membership
set. The boxes and ellipsoidal regions in Figure 2 are the
result of the application of our method using such shapes.
It is interesting to note that the computed semialgebraic
membership sets Sk might not be connected and, although
only ts = 2 polynomial constraints are considered, the
obtained sets are described by more than two curved edges
(not including the axis-aligned edges defining the box Bk ).
VI. C ONCLUSION
We have derived a flexible, accurate and efficient setvalued filtering algorithm for time-varying dynamical sys-
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Fig. 2: Outer-approximations membership sets obtained by
propagating: semialgebraic sets (gray region); boxes (thick
line); ellipsoids (thin line). Left panel: set obtained at time
k = 9. Right panel: set obtained at time k = 10.
tems characterised by polynomial nonlinearities. Our approach allows the practitioner to select any semi-algebraic set
as membership set. The parameters defining the inequalities
describing the semi-algebraic set are selected by means of
a sequential procedure that minimises a numerical estimate
of the volume of the outer-bounding set. The key idea is to
use a sum-of-square approximation, at each time instant, to
formulate such minimization as a semi-definite programming
problem. This means that the complexity of our algorithm is
polynomial. Since bounding boxes, ellipsoidal regions, parallelotopes and zonotopes are semi-algebraic sets, previous
approaches to set-membership can therefore be seen as particular cases of our methodology. Nevertheless, we stress the
fact that our method can be applied to nonlinear dynamical
systems characterised by polynomial nonlinearities.
As future work we plan to extend this approach to parametric estimation and to nonlinear systems whose nonlinearities can be described by piecewise polynomials or, more
generally, semi-algebraic functions.
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