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Abstract—This paper introduces a non-parametric approxima-
tion framework for imputation-by-regression on data with missing
entries. The framework, coined kernel regression imputation in
manifolds (KRIM), is built on the hypothesis that features, gener-
ated by the measured data, lie close to an unknown-to-the-user
smooth manifold. A reproducing kernel Hilbert space (RKHS)
forms the feature space where the smooth manifold is embedded
in. Aiming at concise representations, KRIM identifies a small
number of “landmark points” to define approximating “linear
patches” that mimic tangent spaces to smooth manifolds. This
geometric information is infused into the design through a novel
bi-linear model which can be easily extended to accommodate
multi-kernel contributions in the non-parametric approximations.
To effect imputation-by-regression, a bi-linear inverse problem
is solved by an iterative algorithm with guaranteed convergence
to a stationary point of a non-convex loss function. To showcase
KRIM’s modularity, the application of KRIM to dynamic magnetic
resonance imaging (dMRI) is detailed, where reconstruction of im-
ages from severely under-sampled dMRI data is desired. Extensive
numerical tests on synthetic and real dMRI data demonstrate the
superior performance of KRIM over state-of-the-art approaches
under several metrics and with a small computational footprint.

Index Terms—Regression, imputation, kernel, manifold, MRI.

I. INTRODUCTION

A. Motivation and Problem Statement

Dynamic magnetic resonance imaging (dMRI) is a non-
invasive MRI modality aiming at observing possibly moving
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body organs over time via sophisticated signal acquisition, with
rich potential for cardiac, brain and neurological diagnosis [1].
Limitations in MRI scanners often compromise signal sampling
at rates lower than the required ones, causing “holes/gaps” or
“missing entries” in the collected data, which give rise in turn
to aliasing and motion blurring in the observed image series [1].
Such after-effects may hamper clinical diagnosis.

Missing entries occur commonly in a wide range of appli-
cations owing to a number of reasons like damaged sensors,
constraints on the signal-acquisition mechanism, or data-privacy
issues. Missing entries translate to uncertainties that affect neg-
atively the end result: distortion in seismic imaging [2], sub-
optimal data modeling in recommender systems [3], as well as
large numbers of false positives/negatives in detection methods
for single-cell genomics [4].

Several strategies have been proposed to address the
missing-entries problem. This study focuses on imputation-
by-regression, where, typically, i) a regression model that fits
the measured values is identified with the regressors being the
measured data themselves, and ii) missing entries are imputed
by the identified regression model and the measured data [5].
This paper presents a non-parametric approximation framework,
coined kernel regression imputation in manifolds (KRIM), to
address imputation-by-regression via exploring/exploiting la-
tent geometric information hidden beneath the measured data.
Although KRIM can be tailored to fit into any application
domain where data/feature approximation is needed, dMRI is
used here to demonstrate the way data are collected, clarify
concepts, and validate the effectiveness of the approach via
extensive numerical tests.

B. Prior Art

This section offers a brief overview of the prior art on
imputation-by-regression, especially in the context of dMRI.
To keep the discussion short, details on similarities/differences
between KRIM and state-of-the-art approaches are deferred
to Section V, after KRIM and extensive numerical tests are
presented in full detail.

The standard approach to imputation-by-regression is
compressed sensing (CS) where signals (image frames or
patches) are described by sparse representations of dictionary
“atoms” (vectors) that reside in appropriately defined transform
domains (feature spaces) [6]–[9]. Low-rank models [10]–[12]
and dictionary learning [13], [14] have been also applied to MRI
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as data-recovery tools. Unlike the previous methods, where
no manifold structures are used, KRIM makes explicit use of
(non-linear) manifold assumptions and geometry.

Recent efforts on imputation-by-regression revolve around
deep-learning (DeepL) approaches [15]–[21] which rely on
lengthy processes to learn from training data prior to recon-
structing test images. Notwithstanding, concerns were raised
in [22] via tests which demonstrated that mainstream DeepL
approaches may yield undesired perturbations and struc-
tural changes (e.g., small tumors) in reconstructed medical
images.

Manifold learning builds on the hypothesis that measured
data lie close to a low-dimensional manifold embedded in a
high-dimensional space [23]–[29]. Typically, graph Laplacian
matrices, which capture relations within data-point clouds, form
quadratic regularizers of an inverse problem to recover data; e.g.,
[27]. Following less conventional paths, [29] relies on affine
relations between low-dimensional renditions of the acquired
data to identify a temporal basis, and draws arguments from [10]
to proceed with the computation also of a spatial basis to describe
image frames.

Kernels have been also employed in MRI recovery tasks,
e.g., [29]–[32], following their success in the realms of non-
parametric approximation and machine learning [33]–[36].
Loosely speaking, kernel methods map non-linearly the ob-
served data from the input space to a high-dimensional feature
one where linear operations are employed. A challenging task for
kernel methods is to tune the parameters of a kernel function to
“optimally” fit the measured data via cross-validation. Another
obstacle, especially in regression tasks, is the need for explicit
and usually costly pre-imaging steps from the feature space back
to the original input one, e.g., [30]. Lastly, kernel-based MRI
schemes often leave the complex-valued nature of the (k-space)
data underused, e.g., [30].

C. Main Contributions and Components of KRIM

KRIM offers non-parametric approximation [35] in
imputation-by-regression via the hypothesis that features,
generated by the measured data, lie close to an unknown-to-
the-user smooth manifold which is embedded in a reproducing
kernel Hilbert space (RKHS) [33], [34]; cf. Appendix. This
hypothesis serves also as a considerable generalization of the
assumption which propels learning in RKHSs [36], where
features are predominantly assumed to lie close to a linear
(affine) subspace, that is, a prototypical smooth manifold.

KRIM needs no training data to operate, unlike mainstream
DeepL approaches [15]–[21]. Moreover, KRIM follows less
typical paths than methods which use graph Laplacian matrices
to unveil data structures, e.g., [27], [31]. Aiming at computa-
tionally efficient solutions, KRIM identifies first a potentially
small number of vectors, coined “landmark points,” to describe
concisely the data-cloud in its original input space (cf. Sec-
tion III-A), and exploits the landmark points to extract geometric
information from parsimonious affine combinations (“linear
patches”) that mimic tangent spaces [37] to smooth manifolds
in the RKHS feature space; see Section III-B.

The learned geometric information is incorporated into the
design via a novel bi-linear regression model which allows
the data to determine by themselves their most appropriate
neighbors in the manifold to perform imputation-by-regression,
and renders any pre-imaging steps from the feature space back
to the original one unnecessary, unlike [30]. The bi-linear model
allows also for multi-kernel contributions in data/feature approx-
imations, surmounting the task of pin-pointing the “optimal”
parameters of a single kernel through cross-validation, e.g.,
[38]; cf. Section III-C. Moreover, KRIM is equipped with a
dimensionality-reduction module to effect low-rank properties
and computationally efficient solutions (cf. Section III-D), and
is able also to employ complex RKHSs [39], [40]; cf. Appendix.

To carry out imputation-by-regression, an inverse problem
is formed and solved by an algorithm with guaranteed conver-
gence to a stationary point of a non-convex loss function; cf.
Section III-E. To showcase KRIM’s modularity and flexibility
in fitting into specific application domains, this paper details
the application of KRIM to dMRI, where reconstruction of
high-resolution images from severely under-sampled dMRI data
is desired; cf. Section III-F.

This work extends [41] where preliminary results on the
single-kernel case (KRIM[S] in the subsequent discussion) were
reported. Numerical tests on synthetic and real dMRI data, many
more than those in [41] even for the single-kernel KRIM[S]
case, demonstrate the superior performance of KRIM over state-
of-the-art approaches under several metrics and with a small
computational footprint; cf. Section IV. Useful introductory
information on the mathematical concepts which are used often
in this manuscript, such as the proximal mapping and complex
RKHSs, can be found in the Appendix. Due to space limitations,
material that does not fit in the main document is provided in the
supplementary file. To avoid confusion, the tag “Supp-” refers
to material of the supplementary file.

II. DATA COLLECTION AND REPRESENTATION

Measured data � are considered to be complex valued. In
dMRI, � takes the form of a tensor defined on the (Nf ×Np ×
Nfr)-sized “(k,t)-space”; cf. Fig. 1(a). Each “slice”Y t of tensor
�, with t ∈ {1, . . . , Nfr}, corresponds to the (Nf ×Np)-sized
“k-space” measurements collected at the time instance t. Pos-
itive integers Nf and Np represent the numbers of frequency-
and phase-encoding lines, respectively [1], while Nk := NfNp

stands for the number of entries required for a fully-scanned
k-space frame. “Full-resolution” MR images are obtained from
the “fully sampled” k-space data Y t by X t := F−1(Y t) (cf.
Fig. 1(b)), where F−1(·) is the 2D inverse DFT [1]. In other
words, k-space can be viewed as the 2D “frequency domain”
of MRI. To facilitate data processing via linear-algebra opera-
tions, vec(Y t) stacks the columns of Y t one below the other
to create a single Nk × 1 vector yt := vec(Y t). Define now
Y := [y1, . . . ,yNfr ] ∈ CNk×Nfr .

To cover as many cases of practical interest as possible,
it is assumed that data Y can be represented by X in
a possibly different domain than that of Y. In dMRI,
for example, X can be defined as follows: if F (·)
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Fig. 1. (a) Complex-valued data� are collected over the (Nf ×Np ×Nfr)-sized (k, t)-space in dMRI. The marked Nf × υ ×Nfr box corresponds to the location
of the faithful data, often called “navigator/pilot” data in dMRI. (b) The Nf ×Np ×Nfr image-domain data�. (c) 1D Cartesian and (d) radial sampling trajectories
in k-space.

denotes the 2D DFT even when applied to vectors, i.e.,
F [vec(X t)] := vec[F (X t)] = yt, then X := F−1(Y) :=
[F−1(y1),F−1(y2), . . . ,F−1(yNfr)] ∈ CNk×Nfr . In other
words, X can be viewed as the image-domain representation
of Y, bearing rich structure: X comprises usually a moving
foreground and a static background, while exhibiting low-rank
properties owing to the high correlations among its column
vectors.

Motivated by X, which stands for the representation of Y in a
transform domain (e.g., the image domain in dMRI), the follow-
ing assumption postulates the availability of a linear transform
mapping T which maps X to Y.

1) Modeling Assumption 1: Available is a linear mapping
T : Cρ1×ρ2 → CNk×Nfr , for some positive integers ρ1 and ρ2,
such that (s.t.) there exists X ∈ Cρ1×ρ2 with T (X) = Y. In
other words, it is assumed that the pre-image T −1(Y) :=
{X ∈ Cρ1×ρ2 | T (X) = Y} of Y under T is non-empty. To
facilitate computations, it is assumed that the adjoint mapping
T ∗(·) is also available to the user (cf. Appendix).

Loosely speaking, T (·) serves as a way to connect the domain
where data Y are measured and the transform domain where
the measured data manifest rich properties and structure. In
dMRI, for example, the 2D DFT F (·) becomes T (·). Moreover,
for the DFT implementation in Julia [42], F ∗(·) = NkF−1(·),
where F−1(·) is the 2D inverse DFT. Modeling Assumption 1
is general enough to accommodate also cases where a domain
Cρ1×ρ2 is unavailable: set T := Id =: T ∗, where Id stands for
the identity mapping. Mapping T will be used in (11).

Due to physical limitations in MRI scanners, data acquisition
is a slow process with scanners being usually unable to keep
up with the dynamic nature of the scanning area (patient/organ
motion) [1]. Moreover, to reduce as much as possible the dis-
comfort of patients during scanning procedures, it is a common
practice to sample partially the (Nf ×Np)-sized k-space and
to collect only a small number of data per frame, often much
smaller than Nk which is required for a full scan. To express
this partial observation in mathematical terms, define the sam-
pling mapping𝒮(·) : CNk×Nfr → CNk×Nfr : Y �→ 𝒮(Y), which
operates entry-wise and nullifies the entry of Y in the case
that entry is missing, while leaves the entry intact in the case

where that entry is measured. Consequently, under severe under-
sampling of the k-space, images F−1[𝒮(Y)] will suffer from
temporal bleeding and motion blurring, adding to the deforma-
tions caused by the “thermal” noise which is omnipresent in
any data-collection procedure [1]. The missing-entries problem
permeates any data-driven application, e.g., unreported obser-
vations in recommender systems [3] and dropout values in gene
expressions [4].

Under such stringent sampling conditions, several sampling
modalities have been proposed to observe k-space partially; e.g.,
1D Cartesian (cf. Fig. 1(c)) and radial (cf. Fig. 1(d)) [1], [12].
A general trend is to heavily acquire data from the central (i.e.,
“low frequency”) k-space region, which carries contrast infor-
mation, and acquire data sparsely from the peripheral (i.e., “high
frequency”) region which reflects high-resolution image details.
Cartesian sampling acquires data along horizontal/vertical lines,
concentrating in the low-frequency area of k-space and appear-
ing scarcely in the high-frequency one (cf. Fig. 1(c)). Radial
sampling acquires data along radial spokes, resulting in dense
measurements in low-frequency and sparse measurements in the
high-frequency k-space area (cf. Fig. 1(d)).

In all imputation frameworks, the designer chooses a faithful
subset of the measured/sampled data 𝒮(Y) to extract geometric
patterns and features. Often, all of 𝒮(Y) are considered to be
faithful. In the present context, the heavily sampled central
region of k-space constitutes the faithful data, coined “navigator
data” [27], [29], [30], [43]. More specifically, in 1D Cartesian
sampling, few υ(� Np) lines among the measured data 𝒮(Y)
which cross the central region of each frame (yellow-colored
box in Fig. 1(a)) are vectorized to form the ν × 1 vector y̌f

t,
where ν := υNf, superscript “f” stresses the fact that the vector
includes faithful data, and symbol (̌·) is used to highlight the fact
that the dimension of these vectors is in general smaller than Nk.
These vectors are finally stacked into columns of a matrix to form
Y̌f := [y̌f

1, . . . , y̌
f
Nfr

] ∈ Cν×Nfr . Similarly, in radial sampling, a
few υ radial spokes among the measured data 𝒮(Y) can be
carefully selected to form the faithful data. Faithful data are
also met in other applications domains; in single-cell genomics,
for example, they may take the form of gene-expression data
extracted from the bulk analysis of similar cell types [4].
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Fig. 2. Points {ϕ(lkj
)}3j=1 lie into or close to the unknown-to-the-user

manifold M ⊂H and are affinely combined to approximate ϕ(µ̌t). All
affine combinations of {ϕ(lkj

)}3j=1 define the approximating “linear patch”
(gray-coloured plane), which mimics a tangent space to M .

III. THE KRIM FRAMEWORK

A. Selecting Landmark/Representative Points

To promote parsimonious descriptions of the point-
cloud {y̌f

t}Nfr
t=1 as in [43], a subset {lk}Nl

k=1, coined land-
mark/representative points, is selected from {y̌f

t}Nfr
t=1, with Nl

being smaller than Nfr. Randomly selecting the landmark points
from {y̌f

t}Nfr
t=1 is not the most appropriate strategy to capture

the geometry of the faithful data. Although several strategies
may be implemented to identify {lk}Nl

k=1, the greedy “maxmin”
methodology [44] is adopted here. In short, maxmin is a re-
cursive scheme, taking a number of Nl steps to terminate,
where at the kth step of the algorithm, a landmark point is
selected from {y̌f

t}Nfr
t=1 that maximizes, over all un-selected

{y̌f
t}Nfr

t=1, the minimum (Euclidean) distance to the landmark
points which have been already selected up to the (k − 1)th
step of the algorithm. In general, the larger Nfr is, the larger
Nl should be to describe the point-cloud {y̌f

t}Nfr
t=1, justifying

thus the non-parametric character of the proposed framework.
Maxmin algorithm scores a computational complexity of order
O(NlNfr), which is naturally heavier than the case of selecting
{lk}Nl

k=1 randomly from {y̌f
t}Nfr

t=1. After {lk}Nl

k=1 are identified,
the ν ×Nl matrix L := [l1, l2, . . . , lNl

] is defined.

B. Approximating “Linear Patches” in RKHS

Motivated by the concept of tangent spaces to smooth man-
ifolds, this section introduces “linear patches” (see Fig. 2) to
approximate the features generated by the data. A user-defined
complex RKHS H , equipped with a reproducing kernel κ(·, ·)
and a feature mapping ϕ(·), plays the role of the feature space in
this study; see the Appendix for definitions. According to (18),
let also Φ(L) := [ϕ(l1), . . . , ϕ(lNl

)].
1) Modeling Assumption 2: For every t ∈ {1, . . . , Nfr} and

every i ∈ {1, . . . , Nk}, the (i, t)th entryyit ofY is approximated
as

yit ≈ fi(µ̌t), (1)

where fi(·) : Cν → C is a non-linear function that belongs to
the linear span span{ϕ(lk)}Nl

k=1 in the RKHS H , and µ̌t is a
complex-valued ν × 1 vector s.t. ϕ(µ̌t) ∈ span{ϕ(lk)}Nl

k=1.
Approximation (1) offers smoothing/denoising at entries (i, t)

where yit is measured and imputation at entries (i, t) where yit
is missing. Hypothesis ϕ(µ̌t) ∈ span{ϕ(lk)}Nl

k=1 in H comes

from the need to approximate yit in (1) by a non-linear func-
tion of the measured faithful data. Using the landmark points
instead of all the faithful data is motivated by the desire to
reduce the computational burden of the proposed framework,
especially wheneverNfr 	 Nl. Furthermore, hypothesis fi(·) ∈
span{ϕ(lk)}Nl

k=1 is motivated by the celebrated representer the-
orem [34] which guarantees that the solution fit(·):

fit := arg min
f∈H

|yit − f(µ̌t)|2 +Ω(‖f‖H ),

indeed belongs to span{ϕ(lk)}Nl

k=1, under the assumption that
ϕ(µ̌t) ∈ span{ϕ(lk)}Nl

k=1 and where Ω(·) : R≥0 → R≥0 is a
strictly monotonically increasing function.

By Modeling Assumption 2, there exists a vector ai :=
[ai1, . . . , aiNl

]ᵀ ∈ CNl (ᵀ denotes vector/matrix transposi-
tion) s.t. fi =

∑Nl

k=1 aikϕ(lk) = Φ(L)ai. The kernel trick and
the Appendix suggest that yit ≈ fi(µ̌t) = 〈fi | ϕ(µ̌t)〉H =
〈Φ(L)ai | ϕ(µ̌t)〉H = aH

i Φ(L)Hϕ(µ̌t), where H represents
the Hermitian operation onto vectors/matrices. In other words,
if A := [a1, . . . ,aNk ]

H ∈ CNk×Nl , then (1) can be recast as: ∀t,
yt ≈ AΦ(L)Hϕ(µ̌t) . (2)

The following modeling assumption postulates more structure
within the data, moving beyond the typical linear-subspace
constraints of Modeling Assumption 2.

2) Modeling Assumption 3: Points {ϕ(lk)}Nl

k=1 and
{ϕ(µ̌t)}Nfr

t=1 lie into or close to a smooth manifold M embedded
in the RKHS H (cf. Fig. 2).

Since landmark points {lk}Nl

k=1 are meant to capture the
geometry of the point-cloud {y̌f

t}Nfr
t=1, it is conceivable that a

group of “closely related” points, for example, {ϕ(lkj
)}3j=1

in Fig. 2, may collaborate to approximate point ϕ(µ̌t). Here,
“closely related” means proximity within M , which may cap-
ture similarities in the structures and attributes of the data in
their original input space, e.g., spatio-temporal relations in the
dMRI’s k-space. Putting together Modeling Assumption 3 and
the concept of tangent spaces to a smooth manifold [37],ϕ(µ̌t) is
considered to be affinely approximated by neighboring landmark
points. For example, ϕ(µ̌t) is approximated in Fig. 2 by a
“linear patch” (gray-colored plane) which gathers all affine
combinations of {ϕ(lkj

)}3j=1. This notion can be formalized by
the existence of anNl × 1 vectorbt s.t.ϕ(µ̌t) ≈ Φ(L)bt, under
the constraint 1H

Nl
bt = 1, which enforces affine combinations,

and with 1Nl
being the Nl × 1 all-one vector. Moreover, driven

by the desire for parsimonious data descriptions—few points
{ϕ(lkj

)}3j=1 approximate ϕ(µ̌t) in Fig. 2—and the robustness
that such descriptions entail, bt is considered to be sparse.
Gather {bt}Nfr

k=1 in the sparse matrix B := [b1, . . . ,bNfr ] and
define the kernel matrix

KL := Φ(L)HΦ(L) . (3)

The previous discussion and (2) yield

Y = AKLB+E1, (4)

where the complex-valued matrix E1 accumulates all mis-
modeling and data-approximation errors.
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C. Multiple Kernels

Given the rich variety of reproducing kernels in the literature
(see the Appendix and [36]), selecting an appropriate kernel
and fine-tuning its parameters through cross-validation to fit
the available data are inconvenient tasks. A popular strategy to
address those issues is to employ a dictionary of user-defined re-
producing kernel functions {κm(·, ·)}Mm=1 [38], with their asso-
ciated RKHSs {Hm}Mm=1 and feature mappings {ϕm(·)}Mm=1,
and form the weighted kernel matrix

∑M
m=1 ωmK

(m)
L , where

ωm ∈ R>0 andK(m)
L is the kernel matrix constructed according

to (3) via κm(·, ·). The advantage behind this scheme is that
instead of pin-pointing a single kernel and its parameters, a dic-
tionary of kernel matrices {K(m)

L }Mm=1 is chosen and {ωm}Mm=1

are fine-tuned by the data themselves through some learning
algorithm; cf. [38]. Rather than plugging the previous weighted
kernel matrix into (4), an approach with more degrees of freedom
in the employed parameters is introduced via the following
assumption.

1) Modeling Assumption 4: There exist complex-valued
Nk ×Nl matrices {Am}Mm=1 and Nl ×Nfr sparse matrices
{Bm}Mm=1, with 1H

Nl
Bm = 1H

Nfr
, ∀m, s.t.

Y =

M∑
m=1

AmK
(m)
L Bm +E2, (5)

where the complex-valued matrix E2 accumulates all mis-
modeling and data-approximation errors.

Matrices {Am,Bm}Mm=1 need to be identified under some
“optimality” criterion to fit the contributions of the multiple
kernels to the data, offering more degrees of freedom than
typical multi-kernel models where scalars, like the {ωm}Mm=1

of the previous discussion, need to be identified. Unlike [30],
(5) employs kernel functions {ϕm(·)}Mm=1 with no need for
pre-imaging from the feature spaces {Hm}Mm=1 back to Cν .

D. Dimensionality Reduction

Owing to the non-parametric character of KRIM, the number
Nl of landmark points {lk}Nl

k=1 and thus the size Nl ×Nl of

the kernel matrix K
(m)
L in (5) can become computationally

unbearable if the number Nfr of the faithful data, from which
{lk}Nl

k=1 are extracted, gets large; cf. Section III-A. To meet the
limitations of computational and time resources, and to impose
a low-rank structure on (5), which appears to have a beneficial
effect on dMRI [10], [11], a dimensionality-reduction module
is introduced here to map each K

(m)
L to a d×Nl complex-

valued matrix Ǩ
(m)
L , with d� Nl. To this end, the two-step

dimensionality-reduction scheme of [45], motivated originally
by the popular local linear embedding (LLE) [46], is extended
into the present RKHS case:

1) a matrixWm is identified first to gather all the coefficients
of the affine dependencies within vectors {ϕm(lk)}Nl

k=1,
with ϕm(·) denoting the feature mapping from Cν to the
user-defined RKHS Hm; and

2) the low-dimensional Ǩ(m)
L , which preserves the identified

affine dependencies Wm, is computed.

More specifically, along the lines of the discussion that fol-
lows Modeling Assumption 3, a sparse matrix Wm ∈ CNl×Nl

is assumed s.t. Φm(L) ≈ Φm(L)Wm, under the constraints
1H
Nl
Wm = 1H

Nl
and diag(Wm) = 0, where Φm(L) is de-

fined as in (18) via the feature mapping ϕm(·). The con-
straint 1H

Nl
Wm = 1H

Nl
attributes to the desire for affine com-

binations, while diag(Wm) = 0 excludes the trivial solution
of the identity matrix INl

for Wm. To surmount computa-
tions on the possibly infinite dimensional Φm(L), the ker-
nel trick turns out to be handy: multiplying the previous re-
lation from the left by Φm(L)H yields Φm(L)HΦm(L) ≈
Φm(L)HΦm(L)Wm ⇔ K

(m)
L ≈ K

(m)
L Wm. More precisely,

for a user-defined λW ∈ R>0, Wm is identified by

Wm := arg min
W∈CNl×Nl

‖K(m)
L −K

(m)
L W‖2F + λW ‖W‖1

s.to 1H
Nl
W = 1H

Nl
, diag(W) = 0, (6)

where ‖·‖F stands for the Frobenius norm of a matrix, while the
�1-norm of the complex-valued matrix W =: [wij ] is defined
as ‖W‖1 :=

∑
ij [�(wij)

2 + �(wij)
2]1/2 [47, Lem. V.1], with

�(·) and�(·) denoting the real and imaginary parts of a complex
number. Task (6) is an affinely constrained and composite convex
minimization task, and, hence, [48] is used to solve it by virtue
of the flexibility of [48] in dealing with affine constraints.

After Wm is identified by (6), Ǩ(m)
L is computed by

Ǩ
(m)
L := arg min

Ǩ∈Cd×Nl

‖Ǩ− ǨWm‖2F s.to ǨǨH = Id, (7)

where the constraint is introduced to exclude the trivial solution
0d×Nl

. The solution to (7) is the orthogonal d×Nl matrix
[v1, . . . ,vd]

H, where {vj}dj=1 are eigen-vectors corresponding
to the d smallest eigenvalues of the positive-semidefinite matrix
(INl

−Wm)(INl
−Wm)H.

In the context of data-recovery problems, there is a need
to unfold the compressed matrix Ǩ

(m)
L back to K

(m)
L ; e.g.,

frameworks based on principal component analysis (PCA) [10].
This need invites the following assumption. The subsequent
matrix Gm acts as a “decompression” operator which maps
Ǩ

(m)
L ∈ Rd×Nl back to K

(m)
L ∈ RNl×Nl .

1) Modeling Assumption 5: There exist Nl × d complex-
valued matrices {Gm}Mm=1 s.t. ∀m ∈ {1, . . . ,M},

K
(m)
L = GmǨ

(m)
L +E

(m)
3 ,

where the Nl ×Nl matrices {E(m)
3 }Mm=1 gather mis-modeling

and approximation errors.
Via Modeling Assumptions 4 and 5, as well as Um :=

AmGm, ∀m ∈ {1, . . . ,M}, it can be verified that

Y =
M∑

m=1

UmǨ
(m)
L Bm +E, (8)

where the complex-valued Nk ×Nfr matrix E accumulates all
approximation and mis-modeling errors. Model (8) is abbrevi-
ated to KRIM[M] whenever M > 1 (multi-kernel case), while
KRIM[S] is used in the case M = 1. KRIM[S], introduced
in [41], requires effort via cross validation to fine-tune the
parameters of its single kernel function to fit the data.
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E. The Inverse Problem

To simplify (8), define Ũ := [U1,U2, . . . ,UM ] ∈ CNk×dM ,
B̃ = [BH

1 ,B
H
2 , . . . ,B

H
M ]H ∈ CMNl×Nfr , and

K̃L :=

⎡
⎢⎢⎢⎢⎣

Ǩ
(1)
L 0 · · · 0

0 Ǩ
(2)
L · · · 0

...
...

. . .
...

0 0 · · · Ǩ
(M)
L

⎤
⎥⎥⎥⎥⎦ ∈ CdM×MNl . (9)

Then, (8) takes the bi-linear form

Y = ŨK̃LB̃+E, (10)

where “bi-linearity” refers to the behavior that if Ũ (or B̃) is
fixed to a specific value, then (10) expresses Y as a linear (better
affine) model of the variable B̃ (or Ũ).

A way to fit model (10) to Y is to incorporate the popular
quadratic “error” term ‖Y − ŨK̃LB̃‖2F into the loss function of
an inverse problem and to identify the (Ũ, B̃) which minimize
that loss function. Nevertheless, Modeling Assumption 1 can
help recast the previous quadratic error term via Y’s alternative
representation X. To this end, the following inverse problem is
proposed to identify (Ũ, B̃,X) for some user-defined parame-
ters λ1, CU ∈ R>0:

min
(Ũ,B̃,X)

T1︷ ︸︸ ︷
1
2‖T (X)− ŨK̃LB̃‖2F +

T2︷ ︸︸ ︷
λ1‖B̃‖1 +h(X)

(11a)

s.to‖Ũei‖ ≤ CU , ∀i ∈ {1, . . . , dM}, (11b)

1H
Nl
Bm = 1H

Nfr
, ∀m ∈ {1, . . . ,M}, (11c)

𝒮(Y) = 𝒮T (X),

Ũ ∈ CNk×dM , B̃ ∈ CMNl×Nfr ,X ∈ CNk×Nfr , (11d)

where ei denotes the ith column of the identity matrix IdM . The
recovery task comprises the following terms and constraints:

1) the data-fit term T1;
2) the sparsity-imposing term T2 along the lines of Modeling

Assumption 4;
3) (11b) to prevent unbounded solutions Ũ due to the bi-

linear structure of the model;
4) (11c) to introduce affine constraints according to Model-

ing Assumption 4;
5) (11d) which builds on Modeling Assumption 1 to quantify

the desired consistency between the transform-domain
representation X and the observed/sampled entries of Y;
and

6) h(·) is a regularizing function that imposes structure in the
variable X [see the term T3 in (13a)].

The data identify via (Ũ, B̃) the most appropriate neighbors
in the manifold together with the most suitable collaborating
weights to contribute into their own representations. In short,
spatio-temporal patterns are exploited by the data themselves to
impute their own missing entries.

Any solution ( ˆ̃U, ˆ̃B) to (11) smooths/denoises the measured
values and imputes the missing ones inY via the bi-linear model

Y ≈ Ŷ := ˆ̃UK̃L
ˆ̃B. The availability of the adjoint mapping T ∗,

presumed in Modeling Assumption 1, facilitates computations
in algorithms that generate iterates to estimate a solution X̂ to
(11). This can be verified by the following discussion where an
iterative algorithm that computes a solution to (11) in the context
of dMRI is provided.

F. The dMRI Case Study

In the dMRI case, the general inverse problem (11) can be
specified as follows. With F (·) defined in Section II, let the
Nk × dM complex-valued matrix D̃ := F−1(Ũ). By setting
T := F in the Modeling Assumption 1 and by virtue of the
properties of F , it can be verified that the term T1 in (11)
becomes (see Sec. Supp-I for a proof)

‖F (X)− ŨK̃LB̃‖2F = Nk‖X− D̃K̃LB̃‖2F . (12)

Moreover, scanners in dMRI usually observe regions within
X that demonstrate a periodic movement, e.g., cardiac pumping,
while being surrounded by a static background. To exploit this
prior knowledge for better data reconstruction, with the 1×Nfr

row vector xᵀ
i denoting the time profile of the ith pixel (i ∈

{1, . . . , Nk}) in X =: [x1, . . . ,xNk ]
ᵀ, and with Ft(·) standing

for the 1D DFT along the time axis, it is conceivable that Ft(xi)
becomes (almost) a sparse vector whenever the time profile xi

records a periodic movement. This is also the case whenever the
time profile of the ith pixel observes also a static background. In
other words, Ft(X) := [Ft(x1), . . . ,Ft(xNk)]

ᵀ can be approx-
imated by a sparse matrixZ. By incorporating (12) and the previ-
ous arguments into (11) the following dMRI inverse problem is
obtained: for the user-defined parametersλ1, λ2, λ3, CD ∈ R>0,
solve

min
(D̃,B̃,X,Z)

1
2‖X− D̃K̃LB̃‖2F + λ1‖B̃‖1

+ λ2

2 ‖Z−Ft(X)‖2F + λ3‖Z‖1︸ ︷︷ ︸
T3

(13a)

s.to ‖D̃ei‖ ≤ CD, ∀i ∈ {1, . . . , dM}
1H
Nl
Bm = 1H

Nfr
, ∀m ∈ {1, . . . ,M}

𝒮(Y) = 𝒮F (X)

D̃ ∈ CNk×dM , B̃ ∈ CMNl×Nfr ,X,Z ∈ CNk×Nfr ,
(13b)

where term T3 in (13a) specifies the regularizing loss h(·) in
(11a). Since the goal of T3 is to promote the sparsity of Ft(X),
an �1-norm loss of Ft(X) could have been used in (13a) instead
of T3. However, the auxiliary variable Z is introduced in (13a)
to facilitate processing by decoupling Ft and the �1-norm loss.

Other than the introduction of kernel functions, (13) is also
structurally different than the inverse problem in the predeces-
sor [43], since the computationally intensive 2D DFT F (·) is
not employed at all at the loss function (13a), unlike [43], but
it is only applied to the constraint (13b). Such a strategy yields
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largely reduced computational times with regards to [43] as the
extensive numerical tests demonstrate in Section IV.

G. Solving the dMRI Inverse Problem

This section discusses the details of Algorithm 1 which solves
(13). Even though Algorithm 1 addresses the specific dMRI
recovery task, its backbone iterations can be applied, with ap-
propriate tweaks, also to other application domains.

The successive-convex-approximation framework of [49] is
applied to solve (13) via steps 4–10 in Algorithm 1. Step 7 in
Algorithm 1 focuses on solving convex minimization sub-tasks

to update estimates ˆ̃Dn,
ˆ̃Bn, X̂n, Ẑn. With user-defined param-

eters τD, τB ∈ R>0,

ˆ̃Dn+1/2 ∈ argmin
D̃

1
2‖X̂n − D̃K̃L

ˆ̃Bn‖2F + τD
2 ‖D̃− ˆ̃Dn‖2F

s.to ‖D̃ei‖ ≤ CD, ∀i ∈ {1, . . . , dM}, (14a)

ˆ̃Bn+1/2 ∈ argmin
B̃

1
2‖X̂n − ˆ̃DnK̃LB̃‖2F + λ1‖B̃‖1

+ τB
2 ‖B̃− ˆ̃Bn‖2F

s.to 1H
Nl
Bm = 1H

Nfr
, ∀m ∈ {1, . . . ,M}, (14b)

X̂n+1/2 ∈ argmin
X

1
2‖X− ˆ̃DnK̃L

ˆ̃Bn‖2F + λ2

2 ‖Ẑn −Ft(X)‖2F
s.to 𝒮(Y) = 𝒮F (X), (14c)

Ẑn+1/2 ∈ argmin
Z

1
2‖Z−Ft(X̂n)‖2F + λ3

λ2
‖Z‖1

= Soft[Ft(X̂n), λ3/λ2], (14d)

where the extra regularizing quadratic terms in (14a) and (14b)
are introduced to render the loss functions strongly convex and
still allow Algorithm 1 to converge to a stationary point of the
loss in (13a); see [49]. The unique solution X̂n+1/2 to (14c) is

X̂n+1/4 := 1
1+λ2Nfr

(
ˆ̃DnK̃L

ˆ̃Bn + λ2NfrF
−1(Ẑn)

)
, (15a)

X̂n+1/2 := F−1𝒮(Y) + F−1𝒮cF (X̂n+1/4), (15b)

where 𝒮c(·) is the complementary operator of 𝒮(·), i.e., 𝒮c(·)
nullifies the entries of the matrix that are preserved by 𝒮(·),
leaving the remaining entries intact. A detailed derivation of
(15) is provided in the supplementary file.

Updating ( ˆ̃Dn,
ˆ̃Bn, X̂n, Ẑn) can be carried out in parallel,

promoting thus efficient implementations. Since (14d) and (15)
offer closed-form solutions, the bulk of computations per iter-
ation n of Algorithm 1 comes from the solution of the convex
sub-tasks (14a) and (14b); see Alg. 1. In practice, (14a) and (14b)
are solved inexactly by employing only a finite number of steps
of Alg. Supp-1. Convergence of Algorithm 1 to a stationary point
of the non-convex loss in (13), which satisfies at the same time
the constraints in (13), is guaranteed even if (14a) and (14b)
are solved inexactly by Alg. Supp-1 via points in an εn-ball
neighborhood of their exact solutions with diminishing radius
εn as n increases [49].

Algorithm 1: Solving KRIM’s Inverse Problem for dMRI.

Input: Available are data 𝒮(Y) which include the faithful
Y̌f ones. Choose parameters
λ1, λ2, λ3, CD, τD, τB ∈ R>0, as well as ζ ∈ (0, 1) and
γ0 ∈ (0, 1]. Choose Nl landmark points, the
dimensionality parameter d, as well as M kernels and their
parameters to form the kernel matrices.

Output: Extract the limit points ˆ̃D∗ and ˆ̃B∗ of sequences

( ˆ̃Dn)n and ( ˆ̃Bn)n, respectively, and recover the dMRI

images/frames by ˆ̃D∗K̃L
ˆ̃B∗.

1: Identify landmark points L from Y̌f (cf. Section III-A).
2: Compute K̃L via (9).
3: Set the iteration index n = 0, and arbitrarily fix the

starting points ( ˆ̃D0,
ˆ̃B0, X̂0, Ẑ0).

4: while n ≥ 0 do
5: Available are ( ˆ̃Dn,

ˆ̃Bn, X̂n, Ẑn) and γn.
6: Set γn+1 := γn(1− ζγn).

7: Obtain ˆ̃Dn+1/2 and ˆ̃Bn+1/2 by (14a) and (14b),

respectively (cf. Alg. Supp-1), X̂n+1/2 by (14c) and

(15), and Ẑn+1/2 by (14d).
8: Update

( ˆ̃Dn+1,
ˆ̃Bn+1, X̂n+1, Ẑn+1)

:= γn+1(
ˆ̃Dn+1/2,

ˆ̃Bn+1/2, X̂n+1/2, Ẑn+1/2)

+ (1− γn+1)(
ˆ̃Dn,

ˆ̃Bn, X̂n, Ẑn) .
9: Set n← n+ 1 and go to step 4.

10: end while

Alg. Supp-1 operates under a constant step size and needs
only the computations of first-order information (gradients) of
the loss function and proximal mappings, like soft-thresholding
and projections; see the supplementary file for details. Although
a thorough convergence-rate analysis of [48] is still pending,
Alg. Supp-1 is expected to score in general a (sub-)linear rate of
convergence to an ε-ball neighborhood of an exact solution, sim-
ilarly to other iterative methods which are based on first-order
information of a convex loss function. In the context of Algo-
rithm 1, the sub-routine Alg. Supp-1 requires the computation of
the Lipschitz coefficients (Supp-6) and (Supp-13) per iteration
index n by singular-value-decomposition operations. Ways to
simplify those computations are currently under investigation.

IV. NUMERICAL TESTS

A. Datasets and Competing Algorithms

The proposed framework (KRIM[M] and KRIM[S]) is val-
idated on three datasets, used also in [10], [28]–[30], [43]:
i) Magnetic resonance extended cardiac-torso (MRXCAT) cine
phantom (Section IV-E) [50]; ii) in-vivo cardiac phantom gen-
erated from a real MR-scanned image (Section IV-F) [10]; and
iii) free-breathing and real-time measurements of an MR-
scanned cardiac region (Section IV-G) [51]. KRIM[M] and
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KRIM[S] are compared against the popular FRIST [9], PS-
Sparse [10], XD-GRASP [12], SToRM [27], as well as the
kernel-based KLR [30] and the predecessor of this work
BiLMDM [43]. Detailed numerical tests and comparisons
against the popular dictionary-learning method [14] can be
found in [43], where BiLMDM is shown to outperform the
algorithmic scheme of [14] in several scenarios and on datasets
which are identical with the ones in this study. Representative
videos of the reconstructed image time series are also provided
as supplemental material to the manuscript [52].

B. Performance Metrics

The quality of reconstructions is quantified via the following
performance metrics.

i) The normalized root mean square error (NRMSE):

NRMSE :=
‖X− X̂‖F

‖X‖F
, (16)

where X denotes the high-fidelity original image data,
generated from a fully measured (k,t)-space (cf. Sec-
tion II), and X̂ represents the estimate ofX. Low NRMSE
values are desired.

ii) The high frequency error norm (HFEN):

HFEN :=
‖LoG(X)− LoG(X̂)‖2

‖LoG(X)‖2 , (17)

where LoG is a rotationally symmetric Laplacian-of-
Gaussian filter. HFEN assesses the effectiveness of an al-
gorithm along the edges of an image in terms of sharpness.
As in [13], a kernel filter of size 15× 15 with standard
deviation of 1.5 pixels is employed. Low HFEN scores
are desired.

iii) The structural similarity index measure (SSIM) [53] in-
vestigates local patterns in pixel intensities after normal-
izing for luminance and contrast, with values within [0, 1].
SSIM values close to 1 are desired.

iv) The sharpness measures M1 (intensity-variance based)
and M2 (energy of the image gradient) [54, (43) and
(46)]. These gradient-based measures focus on the high-
frequency (edge characteristics) variations in the images
and quantify peaks. Large M1 and M2 values are desired.

Among the previous metrics, NRMSE, HFEN, and SSIM
require the knowledge of the ground-truth image, unlike M1 and
M2. All metric values which are reported in this manuscript are
the sample means of the values obtained from 25 independent
trials/experiments.

C. Experimental Setup

KRIM (Algorithm 1) was implemented in Julia (ver.
1.0.8) [42], while BiLMDM [41], [43] was implemented in
MATLAB. The Julia [42] code of KRIM is available online [55].
MATLAB implementations for SToRM [56], XD-GRASP [57],
and FRIST [58] are publicly available, whereas implementations
of PS-Sparse and KLR were made available by the Authors
of [10] and [30], respectively. Experiments were carried out on
a 12-core Intel(R) 2.40 GHz Linux based-system with 48 GB

RAM. All hyperparameters of all frameworks were fine-tuned
to produce reconstructions with the lowest NRMSE score.

Among the three datasets of Section IV-A, ground-truth
data are available only for the first two datasets. These
datasets are retrospectively under-sampled in the (k,t) do-
main under different acceleration/sampling rates, defined
as NkNfr/(# of acquired samples). Both the 1D Cartesian
(Fig. 1(c)) and the radial (Fig. 1(d)) under-sampling schemes
were employed. Apart from the navigator data, which follow
a specific structure according to Section II, the rest of the
measured data are sampled randomly and independently among
frames provided they obey the adopted sampling modality, i.e.,
1D Cartesian or radial. Given the stringent space limitations
of this journal, only results on the 1D Cartesian scheme are
demonstrated for the first dataset, while only results on radial
under-sampling for the second one. The third dataset of Sec-
tion IV-A is prospectively under-sampled by default, since it
comprises readings from an MR scanner.

D. Parameter Tuning

Tasks (13) and (14) contain parameters which relate to differ-
ent aspects of the implementation; for example, data-modeling
parameters (λ1, λ2, λ3, CD, Nl, d) are tuned for an optimal data
fit, while optimization parameters (γ0, ζ, α, τD, τB) govern the
convergence of the sequence of estimates. Those parameters
need tuning for Algs. 1 and Supp-1 to reach “desired perfor-
mance.” To offer a concrete discussion about “desired perfor-
mance,” parameters are carefully tuned for the first two datasets
of Section IV-A where ground-truth dMRI data are available.
“Optimal” parameter values are defined as those values that yield
low NRMSE while, at the same time, the achieved low NMRSE
value shows small fluctuations as parameters change.

Trial and error revealed the following: parameter λ1 penalizes
the sparsity of B̃ to control the size of the neighborhood that
participates in the approximation of a dMRI frame. Higher the
value λ1 is, lower the size of the neighborhood becomes, allow-
ing only frames with very similar characteristics and structure
to participate in approximations. It is worth noting that this
neighborhood is made of landmark points and, hence, parameter
Nl (total number of landmark points) plays an important role
in defining the size of neighborhoods. Parameter Nl has to be
made large enough so that there is enough representation from
a group of frames with similar phase and characteristics, but
not excessively large to keep computation times manageable.
For the datasets used, Nl ∈ Nfr · [20%, 35%] turned out to be
adequate. An increase of Nl beyond those values didn’t show
any significant improvement in performance.

With regards to D̃, the bounding constraint CD = 1 usually
leads to “optimal” estimates for D̃ in the case where k-space
is normalized in a way that pixel intensity values lie within
[0, 1]. The d value imposes a low-rank structure to the model,
and it was observed to be dependent on the dynamic nature
of the image series. For the parameters (λ2, λ3), which exploit
periodicity along the time series, higher the ratio λ3/λ2 is,
the more temporal bleeding is observed. Hence, a value low
enough to avoid temporal bleeding but high enough to exploit
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Fig. 3. NRMSE values at different acceleration rates for the reconstructions
of the synthetically generated data (a) MRXCAT phantom and (b) cardiac cine.
The curves for BiLMDM, KRIM[S] and KRIM[M] are generated using the mean
over 25 independent trials to investigate the dependence of the solution on the
initialization point of the non-convex inverse problem. The NRMSE values are
plotted on a log-axis to provide enhanced visibility of the cluster of curves within
the [0.035, 0.065] NRMSE range.

the periodicity along the temporal axis is desired. Focusing on
the parameters which affect the optimization procedures, the step
sizes γ0 = 0.9 and ζ = 0.001 for Algorithm 1 and α = 0.5 for
Alg. Supp-1 ensure desirable results. Similarly, τD, τB values
within [10−7, 10−5] showed desirable results across different
datasets.

Tests on the sensitivity of KRIM[M]’s NRMSE values vs.
perturbations of the values of parameters λ1 and d around their
finely tuned λ̂1,∗ and d̂∗ can be found in Fig. 5 in the context
of Section IV-F. It is worth noticing that values of d larger than
d̂∗ do not inflict any severe degradation on NRMSE, as opposed
to scenarios where d < d̂∗. Moreover, the larger d becomes, the
smaller the deteriorating effect of the perturbations of λ1 around
λ̂1,∗ on NRMSE. However, excessively large values of d should

TABLE I
QUANTITATIVE PERFORMANCE FOR THE MRXCAT PHANTOM

(ACCELERATION RATE: 8X)

TABLE II
QUANTITATIVE PERFORMANCE ANALYSIS FOR IN-VIVO CARDIAC

PHANTOM (ACCELERATION RATE: 12X)

be avoided to keep the computational footprint of the proposed
scheme small.

A polynomial kernel (cf. Appendix), with c∗ := 3 and r∗ :=
0.5× (mean of all entries in L), offered the “best” NRMSE
results for KRIM[S] after careful but time consuming cross
validation. For KRIM[M], a dictionary of M = 7 kernels is
created which contains a group of Gaussian and polynomial
kernels with varyingσ and (c, r), respectively. More specifically,
four polynomial kernels with c ∈ {1, 2, c∗, 4} and r = r∗, and
three Gaussian ones with σ ∈ {0.2, 0.4, 0.8}.

Notice that KRIM[S]’s “optimal” polynomial kernel with
(c∗, r∗) is included in KRIM[M]’s kernel dictionary. The rea-
son for adopting this strategy is to build on the effort spent
on KRIM[S] to identify the kernel parameters (c∗, r∗), and to
push for better performance than the case of the hand-tuned
kernel in KRIM[S] by allowing the data themselves to fine-tune
kernel contributions in the data-approximation formula of (8).
Indeed, such a performance boost was observed throughout
the numerical tests. Nevertheless, to provide a complete set of
tests, KRIM[M] was also employed with a kernel dictionary that
does not contain KRIM[S]’s “optimal” polynomial kernel with
parameters (c∗, r∗). In other words, KRIM[M]\(c∗,r∗) will serve
henceforth as the tag for KRIM[M], employed with a kernel dic-
tionary of six kernels: three polynomial ones with c ∈ {1, 2, 4}
and r = r∗, and three Gaussian ones with σ ∈ {0.2, 0.4, 0.8}.
The results on KRIM[M]\(c∗,r∗) in Tables I and II, especially
with regards to KRIM[M], attest to the robustness of KRIM and
its ability to offer state-of-the-art performance without consum-
ing time on pin-pointing kernel-function parameters via cross
validation. To save space, average computation times and image
reconstructions are not demonstrated for KRIM[M]\(c∗,r∗) since
they are almost identical to those of KRIM[M].
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Fig. 4. (a) Ground-truth MRXCAT phantom. The ROI is extracted via the zero-filled DFT reconstruction from scanner data emulating an acceleration rate of
8x. Comparative results between the proposed KRIM[M], KRIM[S], BiLMDM, KLR, FRIST, SToRM, PS-Sparse, XD-GRASP (left to right) are shown in (b).
1st row: Diastole phase reconstructions (frame 1 of the image series); 2nd row: Error maps for the diastole phase; 3rd row: Systole phase reconstructions (frame 12
of the image series); 4th row: Error maps for systole phase. Red markings point out distortions, aliasing, or undesired artifacts in the reconstructions. Reconstruction
results along the time axis are also provided in Fig. 6.

Fig. 5. Test results on the sensitivity of KRIM[M]’s NRMSE values vs.
perturbations of the values of parameters λ1 and d around their finely tuned
ones in the context of Section IV-F for the acceleration rate of 12x.

KRIM with a set of parameters which are tuned on some
training data is expected to behave similarly on data sets which
“look alike,” or, are generated by similar probability distributions
with the training data. Hence, to foresee the performance of
KRIM on test data where ground-truth data are unavailable, it is
necessary to tune (“train”) KRIM’s parameters on data that are
similar to the test ones.

E. MRXCAT Cardiac Phantom

The MRXCAT phantom is a synthetically generated cardiac
cine dMRI dataset using the extended cardiac torso (XCAT)
framework [50]. The MRXCAT phantom emulates a breath-hold
cardiac cine data of spatial size (Nf, Np) = (408, 408), with
Nfr = 360 frames, spatial resolution = 1.56× 1.56 mm2, and
field-of-vision (FOV) = 400× 400 mm2. The generated phan-
tom data contains 15 cardiac cycles and 24 cardiac phases. It is
characterized by its limited inter-frame variations and periodic

nature along the temporal direction. The KRIM parameters
d := 4 and Nl := 100 are considered.

It can be seen from Fig. 3(a) that KRIM outperforms con-
sistently the competing state-of-the-art schemes across different
acceleration rates. Table I details the averages (over 25 runs)
of all performance metrics for the acceleration rate of 8x.
Unlike KLR, SToRM and FRIST, KRIM reconstructions do
not deteriorate significantly in NRMSE values as acceleration
rates become larger. Notice also the large savings in compu-
tation time achieved by KRIM with regards to its predecessor
BiLMDM [43].

To reinforce the results of Fig. 3(a) and Table I, 25
independent experiments were run and statistical-significance
tests were carried out on the NRMSE values of KRIM[M]
and KRIM[S] with respect to the rest of the methods.
An one-sided Welch’s t-test was performed under the
hypothesis NRMSE(Method) ≤ NRMSE(KRIM[M]), where
“Method” can be any of BiLMDM, KLR, FRIST, SToRM,
PS-Sparse, and XD-GRASP, including even KRIM[S]. The
test produced p-values ≈ 0 (order of machine precision),
establishing thus very strong evidence to reject the previous
hypothesis [59, Chap. 10]. Similarly, the same statistical-
significance test yielded p-values ≈ 0 under the hypothesis
NRMSE(Method) ≤ NRMSE(KRIM[S]), where Method ∈
{BiLMDM,KLR,FRIST,SToRM,PS-Sparse,XD-GRASP}.

Spatial and temporal reconstructions, generated from (k,t)-
space measurements available at the acceleration rate of 8x, are
exhibited for comparison in Figs. 4 and 6, respectively, alongside
with the ground-truth dMRI data for reference. Examination
of these images sheds light onto the fact that KRIM produces
images which are almost distortion free (unlike FRIST), artifact
free (unlike PS-Sparse), alias free (unlike KLR and SToRM)
and sharper (compared to XD-GRASP). These deformities are
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Fig. 6. Reconstruction results along the time axis for the MRXCAT cardiac phantom measured at an acceleration rate of 8x; cf. Section IV-E. (a) Ground-truth
image stack and temporal cross-section. The location of the cross-section is marked on the image with a red axis. (b) Comparative results of the temporal cross-section
via methods KRIM[M], KRIM[S], BiLMDM, KLR, FRIST, SToRM, PS-Sparse, XD-GRASP (left to right) are exhibited in the first row, followed by the error
maps in the second row. Red markings point out the distortions, temporal bleeding, or artifacts in the reconstructions.

Fig. 7. Reconstruction results across the spatial domain for the in-vivo human cardiac phantom at an acceleration rate of 12x; cf. Section IV-F. (a) Ground-truth data.
The ROI is extracted via the zero-filled DFT from scanner data. (b) Results for KRIM[M], KRIM[S], BiLMDM, KLR, FRIST, SToRM, PS-Sparse, XD-GRASP (left
to right). 1st row: Diastole phase reconstructions (frame 1 of the image series); 2nd row: Error maps for the diastole phase; 3rd row: Systole phase reconstructions
(frame 12 of the image series); 4th row: Error maps for systole phase. Red markings point out distortions, aliasing, or undesired artifacts in the reconstructions.

highlighted in Fig. 4. Speaking in terms of contrast, KRIM
reconstructions provide the best results, closely resembling the
ground-truth dMRI data. Images reconstructed by KRIM also
look sharper compared to the other schemes.

F. In-Vivo Human Cardiac Phantom

Real human and cardiac cine MR data [10], with size
(Nf, Np) = (256, 200), FOV = 273× 300mm2 and spatial res-
olution1.36× 1.36mm2 are considered. The data were acquired
during a single breath hold. Multiple time-wraps (introducing
temporal variations) and quasi-periodic spatial deformation [60]
(to model respiration) were then used to generate a temporal
sequence with Nfr = 256 frames. KRIM parameters (d,Nl) =
(16, 80).

Fig. 3(b) shows that KRIM produces images with the least
NRMSE among all competing methods for all acceleration rates
within the range 6x–35x. Table II summarizes the averages (over
25 runs) of all performance metrics for the acceleration rate of
12x. Similar statistical-significance tests to those of Section IV-E
were carried out, producing p-values ≈ 0 and reaching thus to
similar conclusions with regards to the NRMSE performance of
KRIM[M] and KRIM[S].

Quantitative results are supported by Figs. 7 and 8.
Those images were generated from (k,t) data which were

retrospectively under-sampled, emulating a radial sampling tra-
jectory at an acceleration rate of 12x. As exhibited by HFEN,
M1 and M2 measures, the cardiac images generated via KRIM
are sharper and exhibit no blurring compared to PS-Sparse,
SToRM and XD-GRASP (as pointed by the arrows). There
are no patchy distortions or evidence of aliasing in the images
recovered by KRIM, unlike FRIST and KLR. The temporal cross
sections of the reconstructions provide better insights and reveal
temporal blurring (marked with arrows) in PS-Sparse, presence
of distortions and artifacts in KLR and FRIST. On the other
hand, KRIM doesn’t show any signs of distortions, artifacts or
temporal blurring. Average computation times are also reported
in Table II for 25 runs of the reconstruction schemes.

G. Acquired dMRI Cardiac Scan

Measurements were acquired via a FLASH sequence [51]
from a volunteer breathing normally under TR/TE = 5.8/4ms,
FOV = 284× 350 mm2 and spatial resolution = 1.8×
1.8 mm2. A 12-channel scanner was used to continuously mea-
sure 4500 phase-encoding lines under 1D Cartesian sampling.
The phase-encoding lines are further grouped into groups of
15 (containing 5 navigator lines) to obtain Nfr = 300 frames
and a data matrix of 192× 156× 300 per channel. This
corresponds to an acceleration/sampling rate of 10x. All methods
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Fig. 8. Reconstruction results along the time domain for the in-vivo human cardiac phantom at an acceleration rate of 12x; cf. Section IV-F. (a) Ground-truth
image stack and temporal cross-section. The location of the cross-section is marked on the image with a red axis. (b) Reconstruction results on the temporal
cross-section via KRIM[M], KRIM[S], BiLMDM, KLR, FRIST, SToRM, PS-Sparse, XD-GRASP (left to right) are exhibited in the first row, followed by the error
maps in the second row. Red markings point out distortions, temporal bleeding, or artifacts in the reconstructions.

Fig. 9. Reconstructions from measurements acquired from a volunteer are exhibited for schemes KRIM[M], KRIM[S], BiLMDM, KLR, FRIST, SToRM,
PS-Sparse, XD-GRASP (left to right). The first row shows the spatial results for frame 1, while the second row shows the temporal cross section per scheme.

TABLE III
QUANTITATIVE PERFORMANCE ANALYSIS FOR THE ACQUIRED

DMRI CARDIAC SCAN (ACCELERATION RATE: 10X)

were fine-tuned to reach “optimal” performance per channel.
Consequently, the finely tuned hyperparameters which yield
“optimal” performance differ from channel to channel for all em-
ployed methods. Combining all channel data to achieve desired
performance needs different data modeling and inverse-problem
formulation than the ones used in this work, and for this reason, a
more thorough treatment of multi-channel dMRI data is deferred
to a future work.

Due to the unavailability of the ground-truth images, com-
parisons are qualitative in nature. Results for a single channel
are exhibited in Fig. 9. Reconstructions via FRIST show severe
distortions and suffer from aliasing (evident in the temporal
cross section). Although it is hard to spot differences visually,
the M1/M2 metrics (Table III) demonstrate the improvement
in sharpness offered by KRIM over all other schemes. Average
computation times of 25 trials on the multi-coil image series are
provided in Table III.

V. KRIM AND PRIOR ART IN DMRI: A DETAILED DISCUSSION

This section accentuates the differences of KRIM with XD-
GRASP [12], PS-Sparse [10], FRIST [9], SToRM [27], [31],

[32], KLR [30], the manifold-alignment (MA) method [26], as
well as BiLMDM [43].

The CS-based XD-GRASP [12] employs a golden-angle
sampling scheme and applies a pre-processing sorting step to
identify multiple motion-states based on respiratory and/or car-
diac motion signals derived directly from the data. KRIM does
not require any such pre-processing, and identifies the intrinsic
correlations within different states of the same type of motion
(e.g., different cardiac phases) automatically via landmark points
and bi-linear modeling. In addition, after each type of motion
signal is separated and sorted, XD-GRASP still needs to choose
a sparsifying transform in the temporal direction, while KRIM
achieves that inherently via bi-linear modeling. Even though
XD-GRASP produces good MRI reconstructions, KRIM pro-
duces sharper images as showed in Figs. 4, 7 and Tables I, II.

Matrix factorization schemes, similar to (12), have been also
used in PS-Sparse [10] and KLR [30]. Nevertheless, KRIM
differentiates itself from the two previous methods in several
aspects. The PCA-based PS-Sparse [10], for example, searches
for local affine/linear patches to manifolds, as in Fig. 2, and
determines its temporal basis using the SVD of the faithful
or navigator/pilot data, something that can be indeed effective
if data show affine/linear structures within the raw-data input
space, which is not often true. In contrast, KRIM searches
for affine/linear patters in an RKHS-feature space by the same
token that celebrated kernel-based methods use to apply stan-
dard linear-estimation arguments in the RKHS-feature space,
e.g., [36]. Section IV provides empirical evidence that KRIM
offers better data/feature approximation than PS-Sparse with no
signs of temporal bleeding in images. Moreover, there is no need
for the matrix factors D̃ and B̃ in (12) to be orthogonal, unlike
PS-Sparse.
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The transform-learning based FRIST scheme performs image
reconstruction on a frame-by-frame basis, ignoring the temporal
information of the dMRI data onto which KRIM capitalizes. In
addition to the lack of temporal information, FRIST relies on
dividing images in patches prior to reconstruction. This does
help with exploiting the structural similarities in the image, but
as the acceleration rate increases, the aliasing effect severely
affects the image-domain data resulting in patchy distortion and
blurring. This is verified in Figs. 3 and 4 by the deterioration of
NRMSE with increasing acceleration rates.

On the other hand, the kernel (K)PCA-driven KLR [30]
applies PCA in RKHS-feature spaces to capture potential non-
linearities in respiratory and cardiac motions. Notwithstanding,
KLR requires a computationally expensive pre-imaging step to
map points from the RKHS-feature space back to the original in-
put one. KRIM’s bi-linear formulation in (12) captures the latent
point-cloud geometry in the RKHS-feature space without any
need for pre-imaging steps. KRIM employs also complex-valued
kernels to take into consideration the information carried in
both real and imaginary parts of the complex-valued (k,t)-space
measurements Y [40], as opposed to KLR which uses only
real-valued kernel functions. Furthermore, the single-kernel
approaches KLR [30] and [41], as well as KRIM[S], require
“optimal” tuning of the parameters of the kernel function, which
can be a daunting task with the availability of the wide range of
kernels in the literature [36]. KRIM[M] escapes this trap by
the use of a kernel dictionary and lets the data decide on the
“optimal” kernel combinations through bi-linear modeling in
(8). This doesn’t only eliminate the need for pin-pointing the
optimal kernel but shows better results than the ones by KLR and
KRIM[S] as summarized in Tables I and II. The difference in the
results between KRIM and KLR is also evident by Fig. 3 where
KLR reconstructions show sharp increase in NRMSE values due
to aliasing as acceleration rates increase.

SToRM [27], [31], [32] enforces “smoothness” to the un-
derlying low-dimensional manifold by penalizing the loss of
the recovery problem with several norms of a graph-Laplacian
matrix, amounting to a “global” smoothness constraint over the
data point-cloud. In contrast, to prevent losing local structural
information and to offer as much flexibility as possible in
data/feature approximations, KRIM enforces smoothness lo-
cally over the manifold via point-cloud neighborhoods and affine
approximations within those neighborhoods to mimic the con-
cept of tangent spaces. The “union” of those affine combinations
is modeled by the sparse matrix B̃ in (12). KRIM performs
better than SToRM along edges (as verified by the HFEN values
in Tab. I and II), and produces sharper images with almost no
aliasing effect and temporal bleeding. The manifold-alignment
(MA) method [26] follows a two-step approach, where i) an
LLE-inspired [46] module is employed to “align” k-space data
into a low-dimensional manifold via user-defined weighting
functions, and ii) a module found also in XD-GRASP [12] is used
to impute the high-dimensional data by allowing contributions
from neighboring points in the manifold which was learned
during the first step of the MA approach. User-defined weighting
functions are also introduced to determine the contributions
of the neighboring manifold points in data imputations. In

contrast, KRIM employs no user-defined weighting functions
to determine contributions of neighboring manifold points, but
allows those points to determine by themselves the appropriate
contributions, both in the module of Section III-D and in the
bi-linear model (4).

KRIM exhibited improvement in performance over its prede-
cessor BiLMDM [43]. This is mainly a result of reaping the
benefits of non-parametric approximations in the potentially
infinite dimensional and functional RKHS feature spaces over
the Euclidean-space setting of BiLMDM, by the same token
that kernel-based methods offer more approximation capabili-
ties than classical learning schemes in Euclidean spaces [36].
Further, the inverse problems of KRIM and BiLMDM are dif-
ferent; the requirement for data consistency has been moved
from the loss function (BiLMDM) to a constraint in KRIM [see
(11d) and (13b)]. As such, any DFT operations are employed
only in the sub-task (14c), and thus less often than BiLMDM,
putting KRIM way ahead of BiLMDM in terms of computation
times, and paving the way for more efficient implementations in
future studies. Numerical evidence of the improvements were
summarized in Tables I, II and III.

Recently, DeepL methods have been developed for acceler-
ated cardiac cine imaging [15]–[21]. These methods require a
large number of training samples acquired beforehand to train
the deep neural network, while KRIM’s training data are a small
number of navigator data that are acquired during the accelerated
scan. Consequently, KRIM’s “training” is performed on a much
less complicated model than standard DeepL methods, avoiding
typical issues such as overfitting. Because of these distinctions,
a fair comparison of KRIM vs. DeepL methods is challenging
and thus not performed here.

VI. CONCLUSION AND FUTURE DIRECTIONS

This manuscript laid down the foundations for a novel
imputation-by-regression scheme based on classic kernel-
approximation arguments for features of the measured data
which lie into or close to an unknown-to-the-user smooth
manifold embedded in potentially infinite dimensional RKHSs.
A novel bi-linear data/feature-approximation model employs
multiple kernel functions, bears the advantage of not requiring
tuning for an optimal kernel, avoids computationally expensive
pre-imaging steps, accommodates complex-valued data, and
demonstrates a low-rank structure to promote computationally
efficient solutions. The proposed framework, coined kernel re-
gression imputation in manifolds (KRIM), facilitates data recon-
struction from partial observations with missing entries, without
the need for a fully observed training dataset. This work provided
also evidence of KRIM’s rich potential via a dMRI setting,
where high-resolution medical images need to be recovered from
severely under-sampled data. The manuscript has also put forth
elaborate quantitative and qualitative results which highlight
the superior performance of KRIM over state-of-the-art dMRI
schemes under several performance metrics and with a small
computational footprint.

The more data are gathered, e.g., excessively large Nk and
Nfr, the heavier the computational burden of Algorithm 1
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becomes. Future research paths include new online-learning
ways to surmount such obstacles, and methods to simplify
or overcome the cumbersome computations of the Lipschitz
coefficients (Supp-6) and (Supp-13) which are currently based
on singular-value-decomposition operations. The assessment of
clinical data necessitate expertise from medical professionals,
e.g., [61], and is thus deferred to a future work in a more clinically
oriented publication venue. Finally, the application of KRIM to
other domains, such as recommender systems [3] and single-cell
genomics [4], is currently under investigation.

APPENDIX

Consider the space Cm×n of all m× n complex-valued ma-
trices, equipped with the inner product 〈A|B〉 := trace(AHB),
∀A,B ∈ Cm×n, where H represents the Hermitian operation
onto vectors/matrices. The induced norm of Cm×n by the pre-
vious inner product coincides with the Frobenius one: ‖·‖F =
〈· | ·〉1/2. It is worth noting that 〈B|A〉 = 〈A|B〉 with the
overline symbol representing entry-wise complex conjugation
of a scalar/vector/matrix. Moreover, the spectral norm ‖A‖2 of
matrix A ∈ Cm×n is defined as λ

1/2
max(AHA), where λmax(·)

stands for the maximum eigenvalue of a symmetric matrix. In
the case of m = n, then ‖A‖2 = λmax(A).

Given the positive integers ρ1, ρ2 and the linear mapping
T : Cρ1×ρ2 → CNk×Nfr , the adjoint of T is the linear mapping
T ∗ : CNk×Nfr → Cρ1×ρ2 defined as 〈A | T (B)〉 = 〈T ∗(A) |
B〉, ∀A ∈ CNk×Nfr , ∀B ∈ Cρ1×ρ2 . For example, with regards to
the sampling mapping𝒮(·) in Section II, its adjoint𝒮∗(·) = 𝒮(·),
i.e.,𝒮(·) is self-adjoint, and𝒮2(·) := 𝒮[𝒮(·)] = 𝒮(·). Moreover,
for the DFT implementation in Julia [42], F ∗ = NkF−1 and
F ∗

t = NfrF
−1
t . If matrix A ∈ Cm×n is viewed as a linear

mapping A : Cn → Cm on vectors via matrix-vector multipli-
cation, then A∗ = AH. A generally non-linear mapping T (·)
is called Lipschitz continuous with coefficient L ∈ R>0, if
‖T (A)− T (B)‖F ≤ L‖A−B‖F, ∀A,B.

A complex reproducing kernel Hilbert space (RKHS) H is
a Hilbert space consisting of functions f : Cν → C : l �→ f(l)
such that (s.t.) for any l the mapping f �→ f(l) is continuous
over H [33], [39], [40]. For a Hilbert space H , the bivariate
functional κ : Cν ×Cν → C : (l, l′) �→ κ(l, l′) is called repro-
ducing if i) κ(l, ·) ∈H for any l; and ii) 〈f | κ(l, ·)〉H = f(l)
for any l and any f ∈H , where 〈· | ·〉H stands for the inner
product in H . It turns out that every reproducing kernel κ
turns its associated H into an RKHS, and that every RKHS
H possesses a unique reproducing kernel κ [39]. The feature
mapping ϕ(·) associated with the RKHS H is defined as
ϕ(·) : Cν →H : l �→ ϕ(l) := κ(l, ·).

Notice that in a complex RKHS the inner product is Hermi-
tian: 〈f | f ′〉H = 〈f ′ | f〉H . For this reason and to revert to
familiar notation, let fHf ′ := 〈f | f ′〉H , where superscript H
denotes the usual Hermitian operation on vectors/matrices. The
reproducing property of kernel κ yields the celebrated “kernel
trick”:κ(l, l′) = ϕ(l)Hϕ(l′), for any l and l′ ∈ Cν . It can be thus
verified that κ(l, l′) = κ(l′, l) [39]. Popular kernels for complex
RKHSs are: i) The linear kernel κL(l, l

′) := lHl′; ii) the Gaus-
sian kernel κG;γ(l, l

′) := exp[−γ(l− l
′
)ᵀ(l− l

′
)] [39], [40],

where γ ∈ R>0 and superscript ᵀ stands for vector/matrix

transposition; and iii) the polynomial kernel κP;(c,r)(l, l
′) :=

(lHl′ + c)r, where r ∈ Z>0, c ∈ R>0.
For vectors {lk}Nl

k=1 ⊂ Cν and L := [l1, . . . , lNl
], let

Φ(L) := [ϕ(l1), . . . , ϕ(lNl
)] . (18)

The associated Nl ×Nl kernel matrix KL is defined as the
matrix whose (k, k′)th entry is equal to κ(lk, lk′), or KL :=
Φ(L)HΦ(L) for simplicity.

For a convex function g(·) : Cm×n → R ∪ {+∞} and
λ ∈ R>0, the proximal mapping Proxλg(·) : Cm×n → Cm×n

is defined as Proxλg(A) := argminB∈Cm×n λg(B) +
(1/2)‖A−B‖2F [62]. For example, in the case where g becomes
the indicator function ιC with respect to a closed convex set
C ⊂ Cm×n, i.e., ιC(A) := 0, if A ∈ C, while ιC(A) := +∞, if
A /∈ C, then ProxλιC becomes the metric projection mapping
onto C: ProxλιC (A) = argminB∈C ‖A−B‖F. Moreover, in
the case where g is the �1-norm ‖·‖1, then the (i, j)th entry of
Proxλ‖·‖1(A) is obtained by the soft-thresholding rule [62]:

[Proxλ‖·‖1(A)]ij = [A]ij

(
1− λ

max{λ,|[A]ij |}
)
. (19)

Notation Soft(A, λ) is often used instead of Proxλ‖·‖1(A).
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