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Abstract— Neural networks have demonstrated remarkable
success in modeling nonlinear dynamical systems. However,
identifying these systems from closed-loop experimental data
remains a challenge due to the correlations induced by the
feedback loop. Traditional nonlinear closed-loop system identi-
fication methods struggle with reliance on precise noise models,
robustness to data variations, or computational feasibility.
Additionally, it is essential to ensure that the identified model
is stabilized by the same controller used during data collection,
ensuring alignment with the true system’s closed-loop behavior.
The dual Youla parameterization provides a promising solution
for linear systems, offering statistical guarantees and closed-
loop stability. However, extending this approach to nonlinear
systems presents additional complexities. In this work, we
propose a computationally tractable framework for identifying
complex, potentially unstable systems while ensuring closed-
loop stability using a complete parameterization of systems
stabilized by a given controller. We establish asymptotic con-
sistency in the linear case and validate our method through
numerical comparisons, demonstrating superior accuracy over
direct identification baselines and compatibility with the true
system in stability properties.

I. INTRODUCTION

Neural networks have shown strong performance in learn-
ing nonlinear dynamical systems from input-output data, due
to their flexibility and expressive power [1], [2]. However,
in many practical situations, collecting data under open-loop
conditions is impractical or unsafe, particularly for unstable
systems. Even for stable systems, feedback control may be
necessary for safety, efficiency, or operation near desired
setpoints. For instance, drones are controlled to fly safely,
robots are operated to achieve certain tasks, and biological
systems are regulated by natural mechanisms. In many cases,
disconnecting the controller to collect open-loop data is
either infeasible or prohibitively costly.

In such scenarios, data is typically gathered while the sys-
tem operates in closed-loop with a stabilizing controller [3],
[4], [5]. This motivates closed-loop system identification,
which aims to learn models from such data. Compared to
the open-loop case, this setting introduces challenges, most
notably the correlation between input signals and measure-
ment noise caused by feedback [3], [4].
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Classical methods for closed-loop identification are
grouped into direct, joint input-output, and indirect ap-
proaches [6]. Direct methods estimate both the system and
noise model independently of the feedback. They are consis-
tent, i.e., can recover the true model with infinite data, if the
noise model is accurate. However, real-world disturbances
are often too complex to model precisely [3], [4].

Joint input-output methods first identify a system driven by
white noise that generates the joint input-output signal, then
simultaneously estimate the target system and controller [7].
While consistent even with imperfect noise models, these
methods often suffer from theoretically unbounded vari-
ance [8] and high computational cost, especially for nonlin-
ear controllers [6]. Indirect methods consider the closed-loop
mapping and identify the system by exploiting knowledge
of the controller [4]. These methods parameterize the model
to reformulate the problem, eliminating noise effects at the
plant input and enabling the use of standard open-loop
techniques [3], [4]. This ensures consistency even when the
noise model is misspecified, at least in the linear case.

One commonly used parameterization is the dual Youla
parameterization, which describes all systems stabilized by
a given controller [9]. This formulation is the dual of the
Youla-Kucera parameterization, which characterizes all con-
trollers that stabilize a given system [10]. A key advantage
of this approach is that it inherently ensures the identified
model is stabilized by the controller. This aligns with the
stability of the true system under the given closed-loop con-
figuration [4]. The dual Youla parameterization involves the
coprime factorizations of both the controller and a nominal
plant stabilized by it, along with Youla parameters that can
be optimized to minimize the model’s discrepancy from the
target system. For a linear plant and controller, the Youla
parameters correspond to a stable rational transfer function,
making optimization straightforward.

Given dual Youla’s success in identifying linear systems,
prior work has explored extending this parameterization to
cases with nonlinear systems but linear controllers (see [11]
for a review). However, two key challenges arise:

o Coprime factorizations exist only for a subclass of
nonlinear systems and are typically difficult to obtain
even when they do exist [11].

e The parameterization relies on stable operators, the
nonlinear counterparts of the Youla parameter, and
their inverses which are challenging to optimize over.
A similar challenge has been noted in the context
of learning stabilizing nonlinear controllers using the
Youla parameterization [12].



As a result, existing methods do not lend themselves to a
computationally tractable framework.

More recently, [5] proposed a tractable framework for
closed-loop identification of nonlinear systems. While effec-
tive in their experiments, this method has two key limitations:
(i) the closed-loop system of the learned model and controller
may become unstable, and (ii) it assumes a predefined para-
metric form for the system, limiting flexibility. This leaves
closed-loop identification of expressive, nonlinear models a
critical yet not sufficiently explored challenge.

Contributions. We propose a closed-loop system identifi-
cation framework for learning complex, potentially unstable
models using neural networks while ensuring closed-loop
stability with a given controller. Our approach is based on
a parameterization inspired by the dual Youla framework,
adapted to settings where both the system and controller
may be nonlinear. To this end, we first derive a complete
characterization of all systems that can be stabilized by a
given controller in terms of an operator in £,. Motivated
by [12], we then focus on a parametric subset of these op-
erators, resulting in a computationally tractable optimization
framework. In the linear case, we establish the asymptotic
consistency of our approach, aligning with existing results
on the consistency of the dual Youla parameterization [3],
[4]. Finally, numerical comparisons with direct baselines
demonstrate the superiority of our method in capturing
instability and achieving improved identification accuracy.

A. Notation

We represent sequences as matrices with infinitely many
rows: X = [xo,x1,...] |, where x, € R% V¢ € N. The set of such
sequences is %, and x € Ef,x C 0% for p € N if x has bounded
p-norm: [|x|[, = (L2 |x|7) /P < co. We denote truncation as
Xj:i = [Xi,...,x;]" for j>iand xj; = @ otherwise.

An operator Y : (% — (% is a mapping between two
sequences and is causal if Y(x) = (Yo(x0), ..., Xr(x0), .- ),
and strictly causal if Y(x) = (YO(Q)7 vy Y (—100),- -4 ),
where Yo(@) is a vector in R%. A causal operator Y is:

e L,-stable (Y € £,) if Y(x) € £ for all x € ¢,

o incrementally L,-stable if 3y € [0,00) such that

Vx1,X2 € 0%, || (x1) — Y(x2)||, < 7[x1 —x2]| , where
7Y is the incremental finite gain (i.f.g.) of Y.
The sets of causal and strictly causal £,-stable operators are
denoted LS and L3, respectively.

II. PLANTS STABILIZED BY A GIVEN CONTROLLER
A. Problem setup

We consider a discrete-time, time-varying dynamical sys-
tem that may be nonlinear and unstable, described by:

Ve = Gt(ut—l:o) + v,
yo = Go(@) +vo,

N
teN, )

with input u, € R%, nominal initial output Go(2) € R%, and
output y; € R% . The output is corrupted by independent noise
v;. The system is strictly causal, meaning its output at time
t depends only on past inputs up to time ¢ — 1.

Fig. 1: Left: The closed-loop of system G and controller K, with
input u, noisy output y, excitation signal r, and noise v. Right: In
the ICI framework, the model G is an interconnection of a copy of
the controller K and a trainable operator S € Ef,c. The model input
and output are denoted by @ and §°, respectively.

The model (I) is an input-output relationship, representing
all strictly causal dynamical systems. The next example
shows how to derive it from a state-space model.

Example 1 (From state-space to input-output models):
Consider a noise-free, strictly causal, time-invariant system
in the state-space form:

Xt+1 = F(xhut)a
yt - H(xt)v

where x, € R is the state at time ¢ and ¥ € R% is the initial
state. By recursion, the functions G; in @ are defined as:

Go(2) =H(x), Gi(uo) = H(F(%,up)), ...
Gy (u—1:0) ZH(F(...(F()'c,uo),ul),...,ut,l)),

t times

X0 = X,

These expressions show that G; depends explicitly on the
initial state x for all ¢, which is coherent with the definition
of input-output models in the literature [13].
Moreover, linear operators with zero initial conditions rep-
resent transfer functions, highlighting their universality in
characterizing LTI systems [12].

The system () can be expressed in operator form as:

y=G(u) +v, 2)

where G is a strictly causal operator such that G(u) =
[Go(2),G1(uo),-..]", w=[up,ui,...]", etc. We assume the
system is controlled by a causal dynamic output feedback
controller K. In addition to the feedback loop, a persistently
exciting (PE) signal r; € R% is applied to the system. The
resulting closed-loop system, illustrated in the left panel of

{y =G +v, )

u=r+K(y),

where K(y) = [Ko(y0),K1(y1:0)---]" and r = [ro,r1,...]"
We assume the closed-loop system formed by G and K is
L,-stable, as defined below.

Definition 1 (Closed-loop L,-stability [14]): The closed-
loop of G and K, as shown in the left panel of is
L-stable if for every r € £, and v € £, it holds that u € £,
and y € £,. Equivalently, the mapping (r,v) — (u,y) is an
L, operator.

Our goal is to learn a dynamical system G that approx-
imates G, given knowledge of the controller K. Crucially,



we allow G to be unstable, enabling the identification of
an unstable G, while ensuring that the closed-loop system
formed by G and K remains stable. This requirement main-
tains consistency with the fact that K stabilizes G.

B. Internal controller identification framework

Learning over the space of systems G stabilized by con-
troller K is challenging, as this space is generally nonconvex.
To address this, we parameterize all and only systems
stabilized by K using a dual formulation of the Internal
Model Control (IMC) framework [15], which we call Internal
Controller Identification (ICI). Here, G is structured as
an interconnection of controller K and a trainable strictly
causal operator S € £5C. This transforms the problem of
learning G into optimizing S within Ef,c operators, enabling
unconstrained optimization [12], [14]. The corresponding
model is illustrated in the right panel of where the
noise-free output $° € R% for an input 4, € R% is given by:

§°=S(a—K(3°)). 4)

Remark 1 (Recursive implementation of 8): Since S is
strictly causal, the output y; depends on past outputs only
up to time £ — 1, i.e, 37 =8 (B 1.0 — Ki—1:0(9%_9))- This
structure enables a recursive computation of §;, eliminating
the need to solve the implicit nonlinear equation at each
time step. Additionally, if S and K are input-output operators
associated with dynamical systems (see [Example 1)), their
state-space representations can be used to implement (@) as
a Markovian dynamical system, thereby avoiding the need
to store the full history of & 1.0 and §; ..

The following theorem establishes that a given stable
controller, K € £, can stabilize a system if and only if the
system can be represented within the ICI framework.

Theorem 1: Let the controller K € £g be an incrementally
stable operator. Under the ICI framework, as shown in the
right panel of [Fig. 1] and described by (@), the following
holds:

T.1 Let S: (v — % be an L3¢ operator and consider the
ICI model G shown in the right plot of Then, G
is stabilized by K in the sense of

T.2 Let G in be a strictly causal system such that the
closed-loop system is stable according to
Then, there exists S € Ef,c such that G = G, where G
is constructed as in the right panel of

The proof can be found in the appendix of [16].

Since G is stabilized by K, by point of
it admits an ICI representation in terms of an operator S,
which we refer to as the true ICI parameterization. The true
operator S serves as a benchmark for evaluating algorithms

that learn S. Specifically, we assess a learning algorithm’s
effectiveness by its ability to recover S in

III. TRAINING PROCEDURE

In this section, we discuss learning G from data to
approximate the unknown system G. The dataset is generated
by applying N € N excitation signals, each over a horizon
T €N, to the closed-loop system in the left plot of

and recording the resulting system inputs and noisy outputs,
defined as:
n n n N-1
D= {(rTflzo’uT71:0aYT71:O)}n:07
where r}._ ., represents the first 7 time steps of r in the
experiment n € {0,...,N — 1} (similarly for u and y).
Using this dataset, we explore three identification strate-
gies: two direct and one indirect. These strategies aim to
minimize the discrepancy between the measured and pre-
dicted outputs, {yr%flzo}i:]:_ol and {yT 10 e 0 , based on the
mean square error (MSE) cost function:
1 N—1 1 T-1

Z Z Iyt —

The key difference between the learnlng strategies lies in
how the predicted output is obtained, as outlined below.

J(D {yT 1:0 S n= 0 f””%- (%)

A. Direct identification

In direct identification, the measured inputs {u%_ o}
are applied to the model G, without considering the con-
troller K. This effectively treats the data as if collected in
an open-loop setting. We use this approach to learn both
a general G (not necessarily in the ICI formulation) and S
within the ICI framework, leading to the following strategies.

Strategy 1: Direct identification of G, formulated as:
GIrIP = arg{nin J(D. 57— 10100 )-

563" =GU") V.

The resulting model G#/° is not necessarily stabilized
by K, neglecting the knowledge that the true system G
is stabilized by K. Nonetheless, we use this strategy as a
baseline due to its widespread use. To ensure closed-loop
stability, the next two strategies leverage the ICI framework.

Strategy 2: Direct identification of S in the ICI frame-
work, leading to:

Sd”’ICI = afg min J(D7 {y%nflzo}iv;()l) s
Secsc
5.t 97" =S —K(3°")) Vn,

where the constraint follows from substituting @t = u in

Recall that §° can be computed recursively by m

The corresponding model, G4"/C! is then defined as the

closed-loop system of §4rCl and K. Notably, G4r-ICl jg

stabilized by K, as guaranteed by
While direct methods lead to tractable optimization prob-
lems, they have two fundamental drawbacks.

D.1 Direct methods apply only when G is stable [4] since
the cost function J is evaluated using open-loop predic-
tions of G, which may diverge if the model is unstable.

D.2 Direct methods can yield inconsistent estimates, mean-
ing that the true G is not recovered even with infinite
data [6], [3], [17]. This inconsistency arises because the
noise v affects both the trainable operator’s input, u
in and u—K(3°) in and the
measured output y, due to the feedback loop present
during data collection, as illustrated in the left plot of

We further discuss this issue in
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Fig. 2: Top: Closed-loop system of G and K (left) and its linearized
approximation (right). Bottom: In the linear case, noise injection can
be shifted to enable loop cancellation, yielding the exact simplified
form on the right, consistent with (7).

B. Indirect identification

Indirect methods first identify the closed-loop system of
G and K, using the excitation signal r as input, as shown
in the top-left plot of They then leverage the known
controller K to extract a system model from the identified
closed-loop system [6]. Since learning is based on the closed-
loop system of G and K, these methods avoid direct open-
loop simulation of G, thus addressing the problem
Additionally, indirect methods assume a particular model
parameterization in order to remove the noise contribution
on the input of the trainable model, resolving issue [3].

In the following, we develop an indirect strategy leverag-
ing the ICI framework. The proposed scheme is inspired by
indirect methods based on the dual Youla parameterization
(see, e.g., [11]). As discussed in classical Youla-
based methods are restricted to linear controllers, require
intractable coprime factorizations for nonlinear systems, and
involve operators that hinder computational optimization. By
utilizing the ICI framework and recent techniques for param-
eterizing stable operators, we circumvent coprime factoriza-
tions and establish a computationally tractable framework.

We begin by computing the noisy output § resulting
from applying r to the closed-loop system of G and K, as
illustrated in the top-left plot of

§=S(@-K@F-v))+v
=S(r+K(@§) —-K@F—v))+v. (6)

Next, following [11], we move the noise outside the operand
of S in (6) by linearizing S and K around r and §, respec-
tively. This results in:

§~8(r) +S.(K@F) —KF—v)) +v
~ §( X )+ 8L (KL(v)) +V, (7

ioni si /
noise-independent signal noise

where SL and K, denote the linearized versions of S and
K, around r and §, respectively. If S and K are linear, the
approximation holds exactly, with S:=Sand K, =K.
Remark 2 (Validity of linear approximations): The above
linearization of K holds well at high output signal-to-noise

ratio (SNR), where ¥ has significantly higher power than vP_-]
Similarly, Sis well-approximated when r has a much higher
power than K(§) — K(§ —v). Since K is incrementally stable,
this condition simplifies to a high excitation SNR, where the
power of r is much greater than that of v.

According to (7), the closed-loop response of the system
formed by G and K to r can be approximated by passing
r directly through S. Intuitively, the internal and external
feedback loops nearly cancel out, allowing r to propagate
primarily through S (see the top-right plot of . This
approximation is exact in two cases. First, in the absence
of noise, as is immediately evident from the top-left plot of

Second, when § and K are linear, rearranging the top-

left plot in by shifting the noise yields the bottom-left
plot. As shown, the feedback loops cancel out, leading to the
simplified diagram on the right, which aligns with (7).
In light of (7), we introduce the third strategy.
Strategy 3: Indirect identification of S in the ICI
framework via output linearization, formulated as:

SindirICl — argmin J (D, {57 1.0}20 )
Secsc

st 9" =8(r") Vn.

The corresponding model G”"ICl is then defined as the
closed-loop system formed by §74"ICl and K.

Remark 3 (Open-loop equivalence): We observe from
that (i) § can be approximated as S applied to r, which
is independent of the noise, plus an additive noise term,
and (i) S is a stable operator. As a result, is
a standard open-loop problem, eliminating the instability
(D.1) and correlation (D.2)) issues of direct methods. This
equivalence is well-known for classic indirect approaches,
such as the dual Youla parameterization [4].

Following we can use any open-loop method,
such as subspace identification or instrumental variables
(see [6] for an overview), to obtain the system model. Here,
we minimize the least squares cost in (3)), aligning with the
prediction error method [6]. Moreover, allows us
to directly leverage the consistency properties of open-loop
identification, as discussed in

C. Parameterizing the operator S

To implement the ICI framework, we must parameterize
the operator § € £3€. This can be achieved using various
families of parameterized Elsf operators, such as Recurrent
Equilibrium Networks (RENs) [19], certain classes of State-
Space Models (SSMs) [20], and neural network represen-
tations of Hamiltonian systems [21]. These operators all
admit a state-space form, enabling recursive computation of
the output of G (see . In our experiments, we
follow [14], [22] and employ RENs, which define a broad
class of L, operators and embed arbitrarily deep neural
networks [19].

For any chosen operator family, we denote the parameter-
ized operator and the associated model by $¢ and G, with

IThe power of a signal y is defined as lim7_,o %):,T:O llye]3 [18].



learnable parameters 8 € R% . Importantly, these families are
constructed so that §% € £3C for all § € R%. Consequently,
optimizing over § € £5€ in [Strategy 2| and |Strategy 3| re-
duces to an unconstralned optimization over 6 € R%, which
can be efficiently solved using gradient descent methods.

IV. STATISTICAL ANALYSIS IN THE LINEAR CASE

The identification procedure is inherently stochastic, as it
depends on the realizations of noise and excitation signals in
the dataset. A central question is whether the learned models
G and S asymptotically converge in probability to the true
system G or the true S, defined in as the sample
size grows. This notion of convergence is formalized through
the concept of consistency

Definition 2 (Consistency [3]): An estimate G (or S) ob-
tained based on a dataset of N sequences, each of horizon T,
is consistent if it converges to the true value G (or S) with
probability 1 as the sample size grows indefinitely, i.e.,

lim G= G, or lim S=S.
NT—)OO NT—oo

Since S and G can be uniquely determined from one another,
the consistency of Sis equivalent to that of G.

We discuss the consistency of the proposed strategies when
K, G, and G are linear. Throughout this section, we assume
that the excitation signal is quasi-stationary and sufficiently
rich to identify the plant dynamics [23], [4].

The consistency of direct methods (Strategy 1] and [Strat-|
| can only be analyzed for a stable G (see |D.1)). Even
in this case, it depends heavily on the noise model. Let the
noise v in be expressed as v = H(e), where e is white
noise and H is a linear noise model. Direct methods typically
estimate both the target system G and the operator H. It is
well-established that a consistent estimate of G can only be
obtained if H is either known or exactly learned [3], [4], [5],
[24]. However, many real-world disturbances exhibit colored
noise characteristics [25], which cannot be captured by a
finite-order noise model H. As a result, direct identification
methods are often inconsistent in practice [24], [5].

Next, we discuss the consistency of [Strategy 3] As noted
in IRemark 3| [Strategy 3| is equivalent to identifying S in
an open-loop setting. Consequently, consistency results from
open-loop identification apply directly, as stated below.

Proposition 1 (Corollary 6 in [4]): Consider the stable
closed-loop system given by (3), where the system G and
the controller K are linear. Suppose the dataset D consists
of N sequences, each of horizon T, collected under quasi-
stationary persistent excitation r. Let S% be the estimate
obtained by using D, optimized over a parametric
family of CIS,C operators. Then, both 8¢ and the correspond-
ing G are consistent, provided that the true S, as introduced
in belongs to the chosen family.

The consistency of only requires the noise to
be independent of the excitation signal, without imposing
any additional assumptions on the noise.

2In some classic system identification literature, the term unbiasedness is
also used to describe consistency (e.g., [4]). To align with machine learning
terminology, we use consistency throughout.

requires that the true S belongs to the
chosen parametric set. If this set covered the entire £1S,C
space, consistency would be guaranteed. However, since
most parametric families only span a subset of it, S may
fall outside, leading to inconsistency. This is a common trait
in the analysis of learning algorithm consistency [4], which
can be addressed by using a more flexible parameterization
or increasing the dimensionality of the parameters, dy.

V. EXPERIMENTS

We consider two nonlinear systems: i) an unstable scalar
system stabilized with nonlinear feedback, and ii) a stable
planar robot, controlled to navigate to a target location. We
compare our framework against the baselines
(Strategy 1| and [Strategy 2), showing the effectiveness of
our approach in both stable and unstable settings. E]

Training datasets. For both experiments, the training
dataset D consists of N = 40 trajectories, each starting from a
fixed initial condition, with a horizon of 7' = 100. The system
input is given by u, = K;(y;.0) + 1, where the controller
K; will be specified for each experiment. The excitation
signal r; is independently sampled at each time step from
a zero-mean Gaussian distribution, r, ~ N(0,5%I), ensuring
sufficient exploration of the system dynamics [23]. The value
of o varies across experiments.

Evaluation criteria. We assess all strategies on a test
set of 100 trajectories of length 7 = 100, using the same
excitation and noise distributions as in training. Four criteria
are used: open-loop (OL) MSE, OL coefficient of deter-
mination (R?), closed-loop (CL) MSE, and CL R’. In the
open-loop setup, the excitation signal is applied to both the
true system and the learned model, and the MSE between
their outputs is computed. Since MSE is scale-dependent,
we also report the coefficient of determination (R?), which
provides a standardized measure of how well the model

explalns the variance in the dependent variable [26]: R? =
DI i
1_ n 1&t=1 2

Zn 12, |HYt _”2
to 1 indicate a better fit) and y is the overall mean of y.

While OL criteria directly measure model accuracy, they
do not apply to unstable systems, as their open-loop outputs
diverge. Therefore, we also assess closed-loop performance.
The same excitation signals and noise sequences are applied
to both the true closed-loop system (comprising G and con-
troller K) and the learned closed-loop system (formed by G
and K), and the CL MSE and R? are computed. Since closed-
loop outputs remain bounded when the controller stabilizes
the system, CL criteria allow meaningful comparisons even
for unstable plants. In the sequel, we repeat all experiments
with 50 different random seeds and report 95% confidence
intervals for each evaluation criterion.

Model details. We instantiate G in and § in
[Strategy 2| and [Strategy 3| as RENs [19]. In all cases, the
REN architecture comprises a state vector in R® and 8 hidden

It ranges from —oo to 1 (values closer

3The code is available on https://github.com/DecodEPFL/
Nonlinear_system_identification.
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layers, resulting in a total of 744 trainable parameters. This
configuration provides sufficient modeling flexibility.

A. Scalar unstable system

We consider the following state-space scalar system:

{xz+1 =x+1+u, x=F*%,

®)
Vi =X+ vy,

where x; is the state and the excitation signal standard
deviation is o = 0.5. The noise v; is sampled from a truncated
normal distribution with a zero mean, standard deviation of
0.1, and bounded in the interval (—0.25,0.25).

The system in () is unstable, making closed-loop iden-
tification necessary. We use the controller K;(y.0) = —y? —
14 0.5y;, resulting in the closed-loop system:

{xt+] =(0.5—2v,)x +0.5v, =V} +r,, x9=1%,

Vi =X+ vy
Since v, € (—0.25,0.25), the output converges on average for

any initial condition and does not grow infinitely.
Results. Since the system is unstable, an unstable model

G must be used, making the direct strategies (Strategy 1

and inapplicable (see [D.1)). For we

compare the OL and CL responses against the true system in
In all plots, solid lines represent the average output
over noise and excitation realizations, while shaded regions
indicate the confidence bounds. The OL plots highlight
[Strategy 3s ability to capture unstable dynamics, as the
model’s outputs diverge significantly within just 5 time steps.
The OL confidence bounds are not visible due to the large
output scale. As a result of these extreme values, OL criteria
are not computable. The CL plots show a high similarity
between the CL trajectories of the true and identified models,
with a low CL MSE of 0.0034 £0.0006. We also observe
that the output converges to zero. This experiment showcases
the effectiveness of our proposed approach in learning an
unstable system.

B. Point-mass robot

We follow the experimental setup of [14], modeling a
planar robot as a point mass m € R. The state is the robot’s
position xi; € R2 and velocity xp; € R2, while the output is
a noisy position measurement. The input u, is a planar force
driving the motion according to the state-space equations:

X1,0+1 X1t X2t
ki — + 7; 1
Xt X o (—Claay) +uy)
Ve = X1+,

where Ty > 0 is the sampling time and v, ~ N(0,0.1).
Moreover, the function C : R?> — R? models nonlinear drag
forces, such as air or water resistance. We set C(x;) =
b1xp 7b2H)C2||2X2 for some 0 < by < by.

This system is stable due to the presence of drag forces.
However, we assume the robot is controlled by a propor-
tional controller that drives it toward a predefined target
position y* = 0 € R?, potentially for economic reasons. The

True system

True system

Outputs (log scale)
5
Outputs

N S

Strategy 3 Strategy 3

Outputs (log scale)
Outputs

o 1 2 3 4 5 0 20 40 60 80 100
Time step Time step

Fig. 3: Comparison of system and model outputs in the scalar
unstable experiment. Top: true system output; Bottom: output of the

model learned by Left: open-loop; Right: closed-loop.
Solid lines show the average output across multiple realizations of
noise and excitation signals and shaded regions indicate 95% con-
fidence bounds. The open-loop confidence bounds are not visible
due to their much smaller scale relative to the output. The learned
model mirrors the true system’s stability properties: it is unstable in
open-loop but stable in closed-loop. Closed-loop responses closely
match, with a low MSE of 0.0034 4 0.0006.

control law is given by K;(y..0) = diag(x1, %) (y* —y;), with
K1, k2 € R, . Specific parameter values for the system and the
controller (m, by, by, K, k) are provided in the codebase.

We analyze the impact of the excitation signal’s standard
deviation, ©. First, we consider a small o = 10. The training
trajectories are shown in [Fig. 4] where the robot starts
with an initial velocity of [10,0]". With low excitation, the
trajectories remain smooth, allowing the robot to reach its
target with minimal deviation. Next, we apply a high o = 50.
While larger excitation improves identification (as shown in
the results section), illustrates that it also introduces
undesired deviations during the robot’s movement.

Results. Since the system is stable, we can compare all
strategies without encountering the instability issue noted in
[D1] The results are summarized in For ¢ = 10, the
excitation signal has less influence on the system input u than
the feedback controller, resulting in a less informative u. As
direct methods (Strategy 1| and [Strategy 2) rely on u, they

perform poorly under such conditions. In contrast,
|§| remains effective, as it identifies the system based on r

instead of u. It can be seen from [Tab. || that [Strategy 3|
achieves lower OL and CL MSE and higher R? scores.

For o = 50, all strategies are expected to improve due to
increased excitation, which is confirmed by the increase in
OL and CL R?. Note that MSE is not suitable for assessing
improvement in this case, as it is sensitive to the scale
of the output signal, which increases significantly between
experiments. While stronger excitation benefits all methods,

consistently outperforms the baselines across all

evaluation criteria, further demonstrating its effectiveness.

VI. CONCLUSIONS AND FUTURE WORK

This paper presents a novel computationally tractable
framework for closed-loop identification of nonlinear dy-
namical systems using a complete parameterization of sys-



TABLE I: Evaluation of different strategies on the point-mass robot experiment, considering two excitation signal levels: ¢ = 10 and
o = 50. Each experiment is repeated 50 times with different random seeds, and results are shown with 95% confidence intervals. The
proposed [Strategy 3| consistently outperforms baselines across all settings and metrics. Colored cells indicate the best results.

| Strategy OL MSE CL MSE OL R? CL R?

S | [Strategy 1] 17.6847+0.0992  0.48004+0.0090  0.8368+0.0007  0.9902+0.0002
I ‘S_&Lftrategy 11.5468 £0.0674  0.3916+0.0086  0.8934+0.0005  0.9920 4+ 0.0002
b | Strategy 3| 6.73514+0.0586  0.2398+0.0049  0.9378 +£0.0004  0.99510.0001

S | [Strategy 1]  16.2409+0.4997  6.26714+0.1598  0.88424+0.0029  0.912240.0019
I Hrategy 3.889140.1109  1.815040.0258  0.972340.0006  0.9746+0.0003
b | [Strategy 3| 2.6998+0.0567  1.3535+0.0209  0.9807+0.0003  0.98100.0002

¥ position
°

-15 -10 -5 0 5 10 15 20 25
X position
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Fig. 4: Training trajectories in the robot experiment. Left: excitation
standard deviation o = 10; Right: o = 50. The robot has an initial
velocity of [10,0]T and operates in a loop with a controller that
drives it to the origin. As expected, the robot deviates less from its
intended trajectory under lower excitation, and more significantly
when the excitation is higher. Colors indicate time progress.

tems stabilized by a given controller. The proposed method
addresses key challenges, including instability risks and
computational complexity. We theoretically show asymptotic
consistency in the linear setting, aligning with established
results. Numerical experiments demonstrate that our method
outperforms existing work by accurately capturing system
instabilities and achieving superior prediction performance.

Future work includes conducting a non-asymptotic statisti-
cal analysis in the spirit of [27], applying the identified model
to adaptive control, and designing an iterative procedure that
integrates system identification and control.
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APPENDIX

A. Proof of [Theoren ]

We first state a useful corollary from [28].

Corollary 1: Consider a causal operator Y such that Y° :=
Y —1 is strictly causal, where I is the identity operator. Then,
the causal operator Y ! exists, and the sequence b = Y 'a
satisfies, for t =0,1,...:

=Y/ (bi-10).

We start by proving . 1} meaning that for any v € Zd and
re (%, one has § 9 and o € (4. We denote the mput to
the operator S by @. Then, from the right panel of

®=0-K§°)=r+K(S(®)+v) fK(S(é))).

b[ = a;

We now upper bound its norm:
@], = Hr+K(A(A)+V) -K(S(@))],
< |lefl, + 1K (S(@) +v) - K(S(@ ))H,,
< el + #l18(@) + v—S(@)], = [l + relv],
where the second line is due to the triangle inequality and
Yk > 0 is the i.f.g. of K. Since v € Ei" and r € ff,", we
have @ € éi". Additionally, since S € £, § =S(®) +v € ZZ’".

Consequently, since Ke £,, a1 =K(§)+r e €d“ Therefore,
the mapping from ( i to (w,y) is an £, operator

Next, we prove - Given a strlctly causal system G

stabilized by K, define § = G(I — KG)~!. Note that the

inverse of (I—KG) exists due to Corollary Additionally,
set the initial condition of S such that:

So(2 —Ko(2)) = Go(2). 9)

In [29], it has been shown that S € Ef,c.

We apply the same input @ to both G and the closed-
loop system formed by S and K, as illustrated in the right
panel of and denote their respective outputs by §°9¢
and §°. Our goal is to prove that §°9° = $°, or equivalently,
$odes = 92 for all t > 0. At t = 0, this is ensured by ().

godes

First, we compute the outputs. For G, we have y =

G(t). From (@), we obtain that:
9°=S(0-K@F°)) =G(UI-KG) ' (a—-K(3°)) =Gb.

b

Converting the above into time equations gives:
)7? = Gt(bt—1:0)7

where we use the strong causality of G to truncate the
operand at time ¢ — 1. Additionally, b; can be computed using

the recursive algorithm of as:
by =, — K ($r9) + K; (Gt:o(bt—l:o)) vt > 0.

From (T0), one has § “’d” =y; for all t >0 if 4, = b, for all
t > 0. By (TI), this holds if K,(5%0) = Ki (Gro(bi-1.0)) for
all + > 0. Since j; = Gro(bi—1.0) from (10), the condition is
satisfied, thus completing the proof.

~odes

Vi Gt(’/lt 10) 5 (10)

Y
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