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Abstract: Regularization aims to shrink model parameters, reducing complexity and overfitting
risk. Traditional methods like LASSO and Ridge regression, limited by a single regularization
hyperparameter, can restrict bias-variance trade-off adaptability. This paper addresses sys-
tem identification in a multi-ridge regression framework, where an �2-penalty on the model
coefficients is introduced, and a different regularization hyperparameter is assigned to each
model parameter. To compute the optimal hyperparameters, a cross-validation-based criterion
is optimized through gradient descent. Autoregressive and Output Error models are considered.
The former requires formulating a regularized least-squares problem. The identification of the
latter class is more challenging and is addressed by adopting regularized instrumental variable
methods to ensure a consistent parameter estimation.
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1. INTRODUCTION

Regularization is a key strategy in system identification for
managing the trade-off between accuracy and simplicity
of the model. By shrinking the model parameters towards
zero, regularization effectively simplifies the model, miti-
gating the risk of overfitting. Additionally, regularization
often leads to better numerical properties, particularly in
scenarios characterized by multicollinearity, where regres-
sors are highly correlated with each other.

LASSO (Tibshirani (1996)) and Ridge regression (Hoerl
and Kennard (1970)) are the most common regulariza-
tion methods, also commonly adopted for identification
of dynamical models with a a sparse structure (see., e.g.,
Pillonetto et al. (2022); Piga and Tóth (2013b,a); Ohlsson
et al. (2010)). These approaches impose penalties on the
�1 and �2 norms of the model coefficients, respectively. The
significance of the penalty term is determined by a single
hyperparameter. The usage of only one hyperparameter
simplifies its choice, often achieved through random or
grid search within a cross-validation setting. However,
regularization by its nature induces a bias in the model
parameters, and the usage of only one hyperparameter
can restrict the adaptability in balancing the bias-variance
tradeoff. For instance, in the case of sparse models, a more
appropriate approach might be to selectively encourage
the parameters linked to less relevant inputs to shrink
towards zero, instead of uniformly penalizing all model
coefficients. Although theoretically attractive, assigning
individual regularization hyperparameters to model coef-
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ficient increases the dimensionality of the hyperparameter
search space, making grid or random search impractical.

To overcome the problem of the curse of dimensional-
ity, Bengio (2000) proposed a gradient-based approach
to optimize the regularization hyperparameters in Ridge
regression with multiple hyperparameters (referred to as
“multi-ridge” hereafter). A similar problem is addressed
by the authors in Maroni et al. (2023a), where a custom
approach is proposed to efficiently compute an analyti-
cal expression for the gradient of a cross-validation-based
criterion with respect to the hyperparameters, leveraging
matrix differential calculus.

This paper builds upon the work Maroni et al. (2023a),
which is adapted to the setting of dynamical system learn-
ing. Two structures are considered: Autoregressive with
Exogenous Inputs (ARX) and Output Error (OE) models.
In the ARX case, a regularized least-squares problem is
formulated. As for OE models, it is known from clas-
sic system identification that the least-squares solution
is not a consistent estimate of the true model parame-
ters even with no regularization. To ensure consistency
in the estimation of the model parameters, we formulate
the multi-ridge problem using instrumental variable (IV)
methods (Söderström and Stoica (2002)). This necessitates
adapting the cross-validation criterion for optimizing the
regularization hyperparameters, including the correspond-
ing gradient with respect to these hyperparameters.

2. PROBLEM SETTING

2.1 Data-generating system

Let us consider a data-generating dynamical system So

with the input-output representation:

y(k) = x′
o(k)θo + e(k), (1)
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where k represents the time index; y(k) ∈ R is the system
output at time k; e(k) ∈ R is a random noise; θo ∈ Rnθ is a
vector of unknown parameters that have to be estimated;
and xo(k) ∈ Rnθ is a regressor vector, defined as follows:

• ARX structure: xo(k) is composed by past values of
the system inputs and measured outputs, i.e.,

xo(k)= [y(k−1), . . . , y(k−na),u(k−1), . . . , u(k−nb)]
�
,

(2)

where u(k) is the system input at time k, and na, nb ∈ N
characterize the dynamical order of the system.

• Output-error structure: xo(k) is composed by past
values of the system inputs and noise-free outputs, i.e.,

xo(k)=[yo(k−1),. . . ,yo(k−na),u(k−1),. . . ,u(k−nb)]
�
,

(3)

where yo(k) is the noise-free output: yo(k) = y(k)−e(k).

As for the noise e(k), we assume that the noise samples are
i.i.d., zero mean, with finite variance σ2, and statistically
independent of u(k) and yo(k). Thus, for all indexes k, t:

E[e(k)] = E[e(k)u(t)] = E[e(k)yo(t)] = 0, (4a)

E[e(k)e(t)] = δk,tσ
2. (4b)

where δk,t = 1 if k = t, 0 otherwise.

2.2 Identification problem

We consider a parametric identification problem, where we
aim to estimate the unknown parameters θo from a dataset

of N input-output pairs D = {(u(k), y(k))}Nk=1.

To this aim, we minimize a regularized empirical risk:

θ̂(λ) = argmin
θ

L(θ,D) +
1

2
θ�Λ�Λθ, (5)

where L(θ,D) is a scalar loss function constructed based
on the available dataset D, and Λ ∈ Rnθ,nθ is a diagonal
matrix with diagonal elements given by a vector of regu-
larization hyperparameters λ ∈ Rnθ .

The following quadratic loss will be considered:

• ARX structure. In the case of ARX structures, the
following quadratic loss L(θ,D) is considered:

L(θ,D) = LLS(θ,D) =
1

2N

N�
k=1

�y(k)− x�(k)θ�2 , (6)

where x(k) represents the model’s regressor which coin-
cides with the system’s regressor (2), i.e.,

x(k) = [y(k−1) . . . y(k−na) u(k−1) . . . u(k−nb)]
�
.
(7)

The solution of the optimization problem (5), for
L(θ,D) = LLS(θ,D) is given by:

θ̂LS(λ) =

�
1

N

N�
k=1

x(k)x�(k) + Λ�Λ

�−1

1

N

N�
k=1

x(k)y(k).

(8)

• OE model. In the case of OE structures, the following
quadratic loss L(θ,D) is considered:

L(θ,D) = LIV (θ,D) =
1

2N2

�����
N�

k=1

z(k)(y(k)− x�(k)θ)

�����
2

,

(9)

with the same regressor vector x(k) in (7), and with
z(k) ∈ Rnθ being a vector of the so-called instrumental
variables, chosen to satisfy the following properties:

(1) the matrix Ξ� = lim
N→∞

1

N

N�
k=1

x(k)z�(k) exists;

(2) the instrumental variable vector z(k) is statistically
independent of the noise e(t). Thus, for all k, t:

E [z(k)e(t)] = E [z(k)]E [e(t)] = 0, (10)

where the last equality follows from the zero-mean
assumption of the noise (see (4)).

The solution of problem (5), for L(θ,D) = LIV (θ,D)
can be computed analytically and is given by:

θ̂IV (λ) =

�
1

N2

N�
k=1

x(k)z�(k)
N�

k=1

z(k)x�(k) + Λ�Λ

�−1

× 1

N2

N�
k=1

x(k)z�(k)
N�

k=1

z(k)y(k). (11)

The loss LIV (θ,D) is used for OE structures to
guarantee consistency of the estimate (Section 3).

2.3 Multi-fold cross-validation

In multi-fold cross-validation, the dataset D is divided
intoQ partitions D1, . . . ,DQ, and, the following evaluation
criterion is minimized to select the hyperparameters λ:

E (λ) =

Q�
q=1

Lq

�
θ̂(\q)(λ),Dq

�
, (12)

where θ̂(\q)(λ) represents the estimate of the model pa-
rameters θ obtained by solving the training problem (5)
using the subsets Dj with j = 1, . . . , Q and j �= q, i.e.,

θ̂(\q)(λ) = argmin
θ

L

⎛
⎝θ,

�
j �=k

Dj

⎞
⎠+

1

2
θ�Λ�Λθ. (13)

Lq in (12) represents the average loss defined as in (6)
and (9) for ARX and OE structures, respectively, but
constructed using the subset Dq (namely, the validation
fold) instead of the entire set D, i.e,

• ARX structure:

Lq

�
θ̂(\q)(λ),Dq

�
= Lq,LS

�
θ̂(\q)(λ),Dq

�

=
1

2|Dq|
N�

k = 1

k : {u(k), y(k)} ∈ Dq

���y(k)− x�(k)θ̂(\q)(λ)
���
2

.

(14a)

where |Dq| denotes the cardinality of the set Dq.
• OE structure:

Lq

�
θ̂(\q)(λ),Dq

�
= Lq,IV

�
θ̂(\q)(λ),Dq

�

=
1

2|Dq|2

��������

N�
k = 1

k : {u(k), y(k)} ∈ Dq

z(k)(y(k)− x�(k)θ̂(\q)(λ))

��������

2

.

(14b)
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where k represents the time index; y(k) ∈ R is the system
output at time k; e(k) ∈ R is a random noise; θo ∈ Rnθ is a
vector of unknown parameters that have to be estimated;
and xo(k) ∈ Rnθ is a regressor vector, defined as follows:

• ARX structure: xo(k) is composed by past values of
the system inputs and measured outputs, i.e.,

xo(k)= [y(k−1), . . . , y(k−na),u(k−1), . . . , u(k−nb)]
�
,

(2)

where u(k) is the system input at time k, and na, nb ∈ N
characterize the dynamical order of the system.

• Output-error structure: xo(k) is composed by past
values of the system inputs and noise-free outputs, i.e.,

xo(k)=[yo(k−1),. . . ,yo(k−na),u(k−1),. . . ,u(k−nb)]
�
,

(3)

where yo(k) is the noise-free output: yo(k) = y(k)−e(k).

As for the noise e(k), we assume that the noise samples are
i.i.d., zero mean, with finite variance σ2, and statistically
independent of u(k) and yo(k). Thus, for all indexes k, t:

E[e(k)] = E[e(k)u(t)] = E[e(k)yo(t)] = 0, (4a)

E[e(k)e(t)] = δk,tσ
2. (4b)

where δk,t = 1 if k = t, 0 otherwise.

2.2 Identification problem

We consider a parametric identification problem, where we
aim to estimate the unknown parameters θo from a dataset

of N input-output pairs D = {(u(k), y(k))}Nk=1.

To this aim, we minimize a regularized empirical risk:

θ̂(λ) = argmin
θ

L(θ,D) +
1

2
θ�Λ�Λθ, (5)

where L(θ,D) is a scalar loss function constructed based
on the available dataset D, and Λ ∈ Rnθ,nθ is a diagonal
matrix with diagonal elements given by a vector of regu-
larization hyperparameters λ ∈ Rnθ .

The following quadratic loss will be considered:

• ARX structure. In the case of ARX structures, the
following quadratic loss L(θ,D) is considered:

L(θ,D) = LLS(θ,D) =
1

2N

N�
k=1

�y(k)− x�(k)θ�2 , (6)

where x(k) represents the model’s regressor which coin-
cides with the system’s regressor (2), i.e.,

x(k) = [y(k−1) . . . y(k−na) u(k−1) . . . u(k−nb)]
�
.
(7)

The solution of the optimization problem (5), for
L(θ,D) = LLS(θ,D) is given by:

θ̂LS(λ) =

�
1

N

N�
k=1

x(k)x�(k) + Λ�Λ

�−1

1

N

N�
k=1

x(k)y(k).

(8)

• OE model. In the case of OE structures, the following
quadratic loss L(θ,D) is considered:

L(θ,D) = LIV (θ,D) =
1

2N2

�����
N�

k=1

z(k)(y(k)− x�(k)θ)

�����
2

,

(9)

with the same regressor vector x(k) in (7), and with
z(k) ∈ Rnθ being a vector of the so-called instrumental
variables, chosen to satisfy the following properties:

(1) the matrix Ξ� = lim
N→∞

1

N

N�
k=1

x(k)z�(k) exists;

(2) the instrumental variable vector z(k) is statistically
independent of the noise e(t). Thus, for all k, t:

E [z(k)e(t)] = E [z(k)]E [e(t)] = 0, (10)

where the last equality follows from the zero-mean
assumption of the noise (see (4)).

The solution of problem (5), for L(θ,D) = LIV (θ,D)
can be computed analytically and is given by:

θ̂IV (λ) =

�
1

N2

N�
k=1

x(k)z�(k)
N�

k=1

z(k)x�(k) + Λ�Λ

�−1

× 1

N2

N�
k=1

x(k)z�(k)
N�

k=1

z(k)y(k). (11)

The loss LIV (θ,D) is used for OE structures to
guarantee consistency of the estimate (Section 3).

2.3 Multi-fold cross-validation

In multi-fold cross-validation, the dataset D is divided
intoQ partitions D1, . . . ,DQ, and, the following evaluation
criterion is minimized to select the hyperparameters λ:

E (λ) =

Q�
q=1

Lq

�
θ̂(\q)(λ),Dq

�
, (12)

where θ̂(\q)(λ) represents the estimate of the model pa-
rameters θ obtained by solving the training problem (5)
using the subsets Dj with j = 1, . . . , Q and j �= q, i.e.,

θ̂(\q)(λ) = argmin
θ

L

⎛
⎝θ,

�
j �=k

Dj

⎞
⎠+

1

2
θ�Λ�Λθ. (13)

Lq in (12) represents the average loss defined as in (6)
and (9) for ARX and OE structures, respectively, but
constructed using the subset Dq (namely, the validation
fold) instead of the entire set D, i.e,

• ARX structure:

Lq

�
θ̂(\q)(λ),Dq

�
= Lq,LS

�
θ̂(\q)(λ),Dq

�

=
1

2|Dq|
N�

k = 1

k : {u(k), y(k)} ∈ Dq

���y(k)− x�(k)θ̂(\q)(λ)
���
2

.

(14a)

where |Dq| denotes the cardinality of the set Dq.
• OE structure:

Lq

�
θ̂(\q)(λ),Dq

�
= Lq,IV

�
θ̂(\q)(λ),Dq

�

=
1

2|Dq|2

��������

N�
k = 1

k : {u(k), y(k)} ∈ Dq

z(k)(y(k)− x�(k)θ̂(\q)(λ))

��������

2

.

(14b)

To simplify the notation, without loss of generality, we
assume that all the subsets have the same size, i.e., |Dq| =
NV = N

Q , for all q = 1, . . . , Q. Thus, the length of each

training set is given by
∣∣∣⋃j �=k Dj

∣∣∣ = NT = N −NV .

The selected hyperparameter vector λ is then given by:

λ� = argmin
λ

E (λ) . (15)

The choice of λ turns out to be a bilevel optimization
problem, where the loss of the outer problem (15) depends

on the solution θ̂(\q)(λ) of the inner problem (13).

3. ASYMPTOTIC BEHAVIOUR

The motivation behind optimizing multiple hyperparam-
eters comes from the limitations of LASSO and Ridge
regression. These methods reduce the variance in the esti-
mate, but also introduce bias by shrinking model param-
eters towards zero. In contrast, multiple hyperparameters
allow to obtain an unbiased estimate. To elucidate this
concept, let us fix a scalar λ̄ ∈ R, λ̄ �= 0, and let θo,j be
the j-th element of the true vector θo, which is supposed
to be sparse. Then, a matrix Λ with diagonal elements:

λj =

{
λ̄ if θo,j = 0
0 if θo,j �= 0

, j = 1, . . . , nθ, (16)

shrinks towards zero only the parameters θj such that the
corresponding true parameters are θo,j = 0.

3.1 Consistency in training

The following propositions provide consistency results for
the ARX and OE model structures.

Proposition 1. [Consistency for ARX models: training]

Let us assume that:

• the diagonal elements of the hyperparameter matrix
Λ ∈ Rnθ×nθ are given and have the structure in (16);

• the following matrices exist and are invertible:

Γ =
1

N

N∑
k=1

x(k)x�(k) + Λ�Λ, Γ� = lim
N→∞

Γ.

Then, θ̂LS(λ) in (8) is a consistent estimate of θo, i.e.,

lim
N→∞

θ̂LS(λ) = θo, w.p. 1. (17)

Proof:

Let us substitute the output y(k) (see (1)) into (8):

θ̂LS(λ) =Γ−1 1

N

N∑
k=1

x(k)(x�(k)θo + e(k))

=Γ−1 1

N

N∑
k=1

x(k)x�(k)θo

︸ ︷︷ ︸
(a)

+Γ−1 1

N

N∑
k=1

x(k)e(k)

︸ ︷︷ ︸
(b)

,

(18)

where we also used the property that for the ARX model
structure, xo(k) = x(k).

The term (a) in (18) can be rewritten as:

Γ−1

N

N∑
k=1

x(k)x�(k)θo =
Γ−1

N

N∑
k=1

(x(k)x�(k) + Λ�Λ− Λ�Λ)θo

= Γ−1 1

N

N∑
k=1

(x(k)x�(k) + Λ�Λ)

︸ ︷︷ ︸
Γ

θo − Γ−1

N

N∑
k=1

Λ�Λθo

= θo − Γ−1
nθ∑
j=1

λ2
jθo,j = θo, (19)

where the last equation follows from the choice of the
hyperparameters in (16).

As for (b) in (18), we have the following asymptotic
behaviour:

lim
N→∞

Γ−1 1

N

N∑
k=1

x(k)e(k) = Γ−1
� lim

N→∞
1

N

N∑
k=1

x(k)e(k) =

= Γ−1
� E[x(k)e(k)], w.p. 1. (20)

Since x(k) and e(k) are statistically independent, E[e(k)] =
0 (from Assumptions (4)), and Γ−1

� exists by assumption
in Proposition 1, then Γ−1

� E[x(k)e(k)] = 0. Summarizing,
taking the limit for N → ∞ in (18), and considering (19)
and (20), (17) follows. �

Proposition 2. [Consistency for OE models: training]

Let us assume that:

• the diagonal elements of the hyperparameter matrix
Λ ∈ Rnθ×nθ are given and have the structure in (16);

• the following matrices exist and are invertible:

ΓIV =
1

N

N∑
k=1

x(k)z�(k)
1

N

N∑
k=1

z(k)x�(k) + Λ�Λ

Γ�,IV = lim
N→∞

1

N

N∑
k=1

x(k)z�(k)
1

N

N∑
k=1

z(k)x�(k) + Λ�Λ.

Then, the estimate θ̂IV (λ) in (11) is a consistent estimate
of the true parameter vector θo, i.e.,

lim
N→∞

θ̂IV (λ) = θo w.p. 1. (21)

Proof:

Let us rewrite the observed output y(k) in (1) as follows:

y(k) = x�
o(k)θo + e(k) = x�(k)θo + v(k), (22)

where v(k) is defined as:

v(k) = −[e(k − 1), . . . , e(k − na), 0, . . . , 0]θo + e(k).
(23)

Note that v(k) is a zero-mean noise, correlated with x(k).

By substituting the expression of the output y(k) in (22)
into the IV solution (11), we obtain:

θ̂IV(λ) = Γ−1
IV

1

N

N∑
k=1

x(k)z�(k)
1

N

N∑
k=1

z(k)(x�(k)θo + v(k)).

(24)

Following the same algebraic manipulations already adopted
in the proof of Proposition 1, we have:
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θ̂IV(λ) = θo + Γ−1
IV

1

N

N∑
k=1

x(k)z�(k)
1

N

N∑
k=1

z(k)v(k). (25)

Taking the limit as N → ∞, the last term in (25) is:

lim
N→∞

Γ−1
IV

1

N

N∑
k=1

x(k)z�(k)
1

N

N∑
k=1

z(k)v(k)

=Γ−1
�,IV Ξ�E [z(k)v(k)] = 0 w.p. 1, (26)

where the last equation follows since the instrumental
variable z(k) is not correlated with the measurement noise
e(k) (and thus not correlated with the v(k)), and v(k) is
zero mean. Summarizing, by combing (26) and (25), the
consistency property in (21) follows. �

3.2 Consistency in validation

In this section we discuss the effect of selecting regular-
ization hyperparameters λ by minimizing the evaluation
criterion E (λ) in (12). We demonstrate that, for both the
ARX and OE model structures, the optimal hyperparame-

ters λ� (see (15)) that minimize E (λ) ensure that θ̂LS(λ
�)

and θ̂IV (λ
�) are consistent estimates of the true parameter

vector θo, as discussed in the following Propositions.

Proposition 3. [Consistency for ARX models: validation]

Let λ� be the solution of (15), with Lq

(
θ̂(\q)(λ),Dq

)
=

Lq,LS

(
θ̂(\q)(λ),Dq

)
according to (14a). Let us assume

that the cost Lq,LS (θ,Dq) admits a unique minimizer.

Then, θ̂LS(λ
�) is a consistent estimate of θo, i.e.,

lim
N→∞

θ̂LS(λ
�) = θo w.p. 1. (27)

Proof: The minimizer of the quadratic loss Lq,LS (θ,Dq)
in (14a) is unique (by assumption) and it is given by
the least-squares solution, which converges (w.p. 1) to the
true parameter vector θo, as N (or equivalently NV) goes
towards infinity, i.e.,

lim
N→∞

argmin
θ

Lq,LS (θ,Dq) = θo w.p. 1, ∀ q = 1, . . . , Q.

Then, by continuity of Lq,LS (θ,Dq), for all q = 1, . . . , Q:

lim
N→∞

min
θ

Lq,LS (θ,Dq) = Lq,LS (θo,Dq) w.p. 1. (28)

Thus, from the definition of the evaluation criterion E(λ)
in (12), and (28), we have:

Q∑
q=1

Lq,LS (θo,Dq) ≤ lim
N→∞

E(λ) w.p. 1 ∀ λ. (29)

From Proposition 1, there exists a value λ̃ such that:

lim
N→∞

θ̂LS(λ̃) = θo w.p. 1. (30)

This value is also a minimizer of E(λ). In fact, by conti-
nuity of Lq,LS (θ,Dq) and from (30), we have:

Q∑
q=1

Lq,LS (θo,Dq) = lim
N→∞

Q∑
q=1

Lq,LS

(
θ̂LS(λ̃),Dq

)

︸ ︷︷ ︸
E(λ̃)

w.p. 1,

which is, according to (29), the minimum of E(λ).

It remains to be proved that any other minimizer λ�

of E(λ) is such that θ̂LS(λ
�) → θo, as N → ∞. This

follows since, by assumption, θo is the unique minimizer of
Lq,LS(θ,Dq) for all q; thus (31) is satisfied if and only if:

lim
N→∞

θ̂LS(λ
�) = θo w.p.1. (31)

�
Proposition 4. [Consistency for OE models: validation]

Let λ� be the solution of (15), with Lq

(
θ̂(\q)(λ),Dq

)
=

Lq,IV

(
θ̂(\q)(λ),Dq

)
according to (14b). Let us assume

that the cost Lq,IV (θ,Dq) admits a unique minimizer.

Then, θ̂IV (λ
�) is a consistent estimate of θo, i.e.,

lim
N→∞

θ̂IV (λ
�) = θo w.p. 1. (32)

The proof of this proposition is based on arguments similar
to those used in proving Proposition 3. It relies on the
property the minimizer of the loss Lq,IV (θ,Dq) in (14b) is

unique and it is given by the IV solution θ̂IV (λ), and:

lim
N→∞

argmin
θ

Lq,IV (θ,Dq) = θo w.p. 1, ∀ q = 1, . . . , Q.

4. GRADIENT-BASED MULTI-HYPERPARAMETER
OPTIMIZATION

In this section we provide the gradient, which is essential to
compute the optimal solution λ� of problem (15) through
any gradient-based numerical optimization algorithm.

4.1 ARX model structure

Since in the ARX case the model parameters θ̂(\q)(λ)
are obtained through the least-squares solution, the for-
mula for the gradient ∇λE coincides with the one de-
rived in Maroni et al. (2023a) for (static) linear-in-the-
parameter models, and computed leveraging matrix dif-
ferential calculus. This formula is reported below for self-
consistency of the paper.

Let X\q ∈ RNT×nθ and Y\q ∈ RNT be the matrices
stacking in their rows, respectively, the regressor x�(k) and
the output y(k), with {(x(k), y(k))} ∈ ⋃

j �=q Dj . Similarly,

let Xq ∈ RNV ×nθ and Yq ∈ RNV be matrices stacking
in their rows, respectively, the regressor x�(k) and the
output sample y(k), with (x(k), y(k)) ∈ Dq. Then, the

estimate θ̂(\q)(λ) (see (13)) can be computed analytically
and written in the compact matrix form:

θ̂
(\q)
LS (λ) =

(
X �

\qX\q +NTΛ
�Λ
)−1

X �
\qY\k. (33)

The gradient of the evaluation criterion E with respect
to the regularization hyperparameters λ can be computed
analytically and is given by:

∇λE = − NT

QNV

Q∑
q=1

diag (ΛBq +BqΛ) , (34)

where Bq = A�
qX

�
qRq θ̂

(\q)′ , Aq =
(
X �

\qX\q +NTΛ
�Λ
)−1

,

Rq = Xq θ̂
(\q)(λ) − Yq, and diag(M) is the column vector

composed by the diagonal of a generic square matrix M .
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θ̂IV(λ) = θo + Γ−1
IV

1

N

N∑
k=1

x(k)z�(k)
1

N

N∑
k=1

z(k)v(k). (25)

Taking the limit as N → ∞, the last term in (25) is:

lim
N→∞

Γ−1
IV

1

N

N∑
k=1

x(k)z�(k)
1

N

N∑
k=1

z(k)v(k)

=Γ−1
�,IV Ξ�E [z(k)v(k)] = 0 w.p. 1, (26)

where the last equation follows since the instrumental
variable z(k) is not correlated with the measurement noise
e(k) (and thus not correlated with the v(k)), and v(k) is
zero mean. Summarizing, by combing (26) and (25), the
consistency property in (21) follows. �

3.2 Consistency in validation

In this section we discuss the effect of selecting regular-
ization hyperparameters λ by minimizing the evaluation
criterion E (λ) in (12). We demonstrate that, for both the
ARX and OE model structures, the optimal hyperparame-

ters λ� (see (15)) that minimize E (λ) ensure that θ̂LS(λ
�)

and θ̂IV (λ
�) are consistent estimates of the true parameter

vector θo, as discussed in the following Propositions.

Proposition 3. [Consistency for ARX models: validation]

Let λ� be the solution of (15), with Lq

(
θ̂(\q)(λ),Dq

)
=

Lq,LS

(
θ̂(\q)(λ),Dq

)
according to (14a). Let us assume

that the cost Lq,LS (θ,Dq) admits a unique minimizer.

Then, θ̂LS(λ
�) is a consistent estimate of θo, i.e.,

lim
N→∞

θ̂LS(λ
�) = θo w.p. 1. (27)

Proof: The minimizer of the quadratic loss Lq,LS (θ,Dq)
in (14a) is unique (by assumption) and it is given by
the least-squares solution, which converges (w.p. 1) to the
true parameter vector θo, as N (or equivalently NV) goes
towards infinity, i.e.,

lim
N→∞

argmin
θ

Lq,LS (θ,Dq) = θo w.p. 1, ∀ q = 1, . . . , Q.

Then, by continuity of Lq,LS (θ,Dq), for all q = 1, . . . , Q:

lim
N→∞

min
θ

Lq,LS (θ,Dq) = Lq,LS (θo,Dq) w.p. 1. (28)

Thus, from the definition of the evaluation criterion E(λ)
in (12), and (28), we have:

Q∑
q=1

Lq,LS (θo,Dq) ≤ lim
N→∞

E(λ) w.p. 1 ∀ λ. (29)

From Proposition 1, there exists a value λ̃ such that:

lim
N→∞

θ̂LS(λ̃) = θo w.p. 1. (30)

This value is also a minimizer of E(λ). In fact, by conti-
nuity of Lq,LS (θ,Dq) and from (30), we have:

Q∑
q=1

Lq,LS (θo,Dq) = lim
N→∞

Q∑
q=1

Lq,LS

(
θ̂LS(λ̃),Dq

)

︸ ︷︷ ︸
E(λ̃)

w.p. 1,

which is, according to (29), the minimum of E(λ).

It remains to be proved that any other minimizer λ�

of E(λ) is such that θ̂LS(λ
�) → θo, as N → ∞. This

follows since, by assumption, θo is the unique minimizer of
Lq,LS(θ,Dq) for all q; thus (31) is satisfied if and only if:

lim
N→∞

θ̂LS(λ
�) = θo w.p.1. (31)

�
Proposition 4. [Consistency for OE models: validation]

Let λ� be the solution of (15), with Lq

(
θ̂(\q)(λ),Dq

)
=

Lq,IV

(
θ̂(\q)(λ),Dq

)
according to (14b). Let us assume

that the cost Lq,IV (θ,Dq) admits a unique minimizer.

Then, θ̂IV (λ
�) is a consistent estimate of θo, i.e.,

lim
N→∞

θ̂IV (λ
�) = θo w.p. 1. (32)

The proof of this proposition is based on arguments similar
to those used in proving Proposition 3. It relies on the
property the minimizer of the loss Lq,IV (θ,Dq) in (14b) is

unique and it is given by the IV solution θ̂IV (λ), and:

lim
N→∞

argmin
θ

Lq,IV (θ,Dq) = θo w.p. 1, ∀ q = 1, . . . , Q.

4. GRADIENT-BASED MULTI-HYPERPARAMETER
OPTIMIZATION

In this section we provide the gradient, which is essential to
compute the optimal solution λ� of problem (15) through
any gradient-based numerical optimization algorithm.

4.1 ARX model structure

Since in the ARX case the model parameters θ̂(\q)(λ)
are obtained through the least-squares solution, the for-
mula for the gradient ∇λE coincides with the one de-
rived in Maroni et al. (2023a) for (static) linear-in-the-
parameter models, and computed leveraging matrix dif-
ferential calculus. This formula is reported below for self-
consistency of the paper.

Let X\q ∈ RNT×nθ and Y\q ∈ RNT be the matrices
stacking in their rows, respectively, the regressor x�(k) and
the output y(k), with {(x(k), y(k))} ∈ ⋃

j �=q Dj . Similarly,

let Xq ∈ RNV ×nθ and Yq ∈ RNV be matrices stacking
in their rows, respectively, the regressor x�(k) and the
output sample y(k), with (x(k), y(k)) ∈ Dq. Then, the

estimate θ̂(\q)(λ) (see (13)) can be computed analytically
and written in the compact matrix form:

θ̂
(\q)
LS (λ) =

(
X �

\qX\q +NTΛ
�Λ
)−1

X �
\qY\k. (33)

The gradient of the evaluation criterion E with respect
to the regularization hyperparameters λ can be computed
analytically and is given by:

∇λE = − NT

QNV

Q∑
q=1

diag (ΛBq +BqΛ) , (34)

where Bq = A�
qX

�
qRq θ̂

(\q)′ , Aq =
(
X �

\qX\q +NTΛ
�Λ
)−1

,

Rq = Xq θ̂
(\q)(λ) − Yq, and diag(M) is the column vector

composed by the diagonal of a generic square matrix M .

4.2 OE model structure

Let Z\q ∈ RNT×nθ be the matrix of instrumental variables
defined similarly to the matrix of regressors X\q. Namely,
Z\q stacks in its rows, respectively, the instrumental vari-
able vector z�(k) such that k satisfies {(x(k), y(k))} ∈⋃

j �=q Dj . Similarly, let Zq ∈ RNV ×nθ stacks in its rows,

the vector z�(k) with k satisfying (x(k), y(k)) ∈ Dq.

As for the OE model structure, the expression of the

model parameters θ̂(\q)(λ) (see (13)) can be computed
analytically and written in the compact matrix form:

θ̂
(\q)
IV (λ) =

(
X �

\qZ\qZ �
\qX\q +N2

TΛ
�Λ
)−1

X �
\qZ\qZ �

\qY\k.

(35)

The gradient ∇λE can be computed analytically and is

given by: ∇λE = −(N2
T /QN2

V )
∑Q

q=1 diag (ΛBq +BqΛ) ,

withBq=A�
qX

�
qZqRq θ̂

(\q)′ ,Aq=
(
X �

\qZ\qZ �
\qX\q+N2

TΛ
�Λ
)−1

and Rq = Z �
q

(
Xq θ̂

(\q)(λ)− Yq

)
. Details on the derivation

of ∇λE are omitted in this paper due to space constraints,
but it can be obtained by the same arguments presented
in Maroni et al. (2023a). Intuitively, by considering the
structures of the least-square and IV solutions in (33) and
(35) respectively, it is evident that the gradients ∇λE for
both the ARX and OE cases have a similar structure. This
similarity is achieved by replacing X\q with Z �

\qX\q, and
NT

NV
with

N2
T

N2
V

in (34).

5. NUMERICAL EXAMPLES

In this section we present two numerical examples to
demonstrate the effectiveness of the approach. The first
example, proposed for demonstrative purposes, focuses on
the identification of a chaotic Lorenz system. The goal
of this example is to show how the proposed algorithm is
able to promote sparsity in the estimated model parameter
vector, without introducing bias in the non-zero model
parameters. Although the methodology was discussed for
SISO and ARX systems, the considered system is MIMO,
with regressors containing nonlinear terms. The second
example aims to demonstrate the effectiveness of the
proposed IV-based regularized approach, along with a
comparison with standard regularization strategies.
To allow reproducibility of the results, the code is available
in the GitHub repository Maroni et al. (2023b).

5.1 Example 1: Lorenz system

As a data-generating system, let us consider the continuous-
time Lorenz system taken from Brunton et al. (2016):

ẋ = σ(y − x), ẏ = x(ρ− z)− y, ż = xy − βz, (36)

with σ = 10, ρ = 28, and β = 8
3 . Data samples are

generated by integrating (36) from t = 0 to t = 10,
with a time step of Δt = 0.002, and initial condition
[x(0), y(0), z(0)]� = [−8, 7, 27]�. To demonstrate
the sparsifying effect of the proposed multi-ridge approach,
we consider an overparameterized model with regressor
containing all the polynomial terms of the (measured)
system states x, y, z up to the fifth order, for a total of nθ =

Fig. 1. Example 1: The three rows display the results
related to the three state equations (36). Right pan-
els: estimated coefficients vs. number of epochs. True
model parameters are plotted with dashed lines. Left
panels: optimized regularization hyperparameters as-
sociated with the model coefficients in the right plots.
For better visualization, only non-zero model coeffi-
cients and a subset of zero coefficients are shown.

55 elements. The Λ regularization matrix is initialized as
an identity matrix and optimized over 500 epochs through
Gradient Descent, with Q = 3 cross-validation folds.

Results are shown in Figure 1. In the top row, corre-
sponding to the first state equation in (36), the estimated
parameters are visualized with increasing epochs (right

panel). The following model coefficients are plotted: θ̂x; θ̂y;

θ̂x3y; and θ̂y4z. These coefficients are associated with the
regressor elements x; y; x3y; and y4z. Note that according
to (36), only the variables x and y characterize the state
equation. The left panel shows the optimized values of the
regularization hyperparameters (λx, λy, λx3y, λy4z), associ-
ated with the aforementioned model coefficients. It can be
observed that the regularization hyperparameters λx, λy

are driven towards zero, and consequently, the estimated
coefficients are free to converge to their corresponding true
values. On the contrary, the values of the hyperparameters
λx3y and λy4z increase, thus shrinking the associated coef-
ficients θx3y and θy4z towards zero. Similar considerations
apply to the remaining two rows of Figure 1.

5.2 Example 2: OE model structures

In this numerical example, we compare different regular-
ization strategies (multi-ridge vs benchmark algorithms:
Ridge, LASSO and Elastic Net) in different SNR condi-
tions. For a fair comparison, the same IV-based fitting loss
L(θ,D) = LIV (θ,D) in (9) is used by all the algorithms,
and the same instrumental variables z(k) are used. Like in
Laurain et al. (2015)), the variables z(k) are chosen as:
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z(k)= [ŷLS(k−1), . . . , ŷLS(k−na),u(k−1), . . . , u(k−nb)]
′
,

where ŷLS represents the simulated output of a model with
parameters estimated through a least-squares algorithm.

As a data-generating system, we consider:

yo(k)=−a1yo(k−1)−a2yo(k−2)+b1u(k−1)+b2u(k−2),

with a1 = −0.2, a2 = −0.3, b1 = 0.1, b2 = −1.2.
The input signal u is a white noise following a zero-
mean unitary-variance Gaussian distribution. The mea-
sured output y(k) = yo(k) + e(k) is corrupted by a white
noise e(k) generated by a zero-mean Gaussian distribution.
In this study, 10 different values of noise variance σ2 are
chosen, thus leading to 10 different SNRs conditions, where

the SNR is defined as: SNR = 10 log
(

‖yo‖2

σ2

)
. To increase

the statistical significance of the results, 1000 Monte Carlo
scenarios are generated. At each run, N = 100 training
input/samples and 1000 test input/samples are collected.
The output noise is only added to the training data and
not to the test data. The dynamical order of the model is
assumed to be unknown and is bounded by 10 for both the
autoregressive and exogenous parts, i.e., na = nb = 10.

The baseline algorithms are subjected to a training and
evaluation pipeline characterized by the following steps: i)
hyperparameter optimization through an exhaustive grid-
search with a 5-fold cross-validation scheme, ii) final re-
training on the complete training dataset, iii) performance
evaluation on the test dataset. For multi-ridge regression,
the regularization hyperparameter matrix Λ is initialized
as an identity matrix and then optimized with 1000 Gradi-
ent Descent epochs. Implementation details are provided
in the provided scripts Maroni et al. (2023b).

The performance of the estimated models is evaluated
through open-loop simulation on a test sequence (used
neither for training nor for validation), and measured
through the R2 index. Figure 2 shows the obtained results.
For each regularization algorithm and each SNR condition,
the median value obtained on the 1000 Monte Carlo runs is
shown. Multi-ridge regression outperforms the benchmark
regularization strategies under all SNR conditions. Ridge
regression shows the worst performance: this result is
expected and due to the mismatch between the real order
of the system (i.e., 2) and the order assumed in the
experiments (i.e., 10), and Ridge’s inability to select the

Fig. 2. Example 2: Comparison of regularization algo-
rithms for different SNR conditions. Median values
(dots) over 1000 runs are reported. Lines associated
with Lasso and Elastic Net are overlapped.

dynamical order through �2 penalization. On the contrary,
algorithms that promote a sparse solution such as LASSO
make a better selection of the order of the system through
�1 penalization. Even if using �2 regularization, multi-ridge
regression still surpasses LASSO in performance. This is
mainly due to the multi-ridge capabilities to associate a
unique regularization penalty to each model parameter,
and thus not introducing bias in the non-zero coefficients.

6. CONCLUSIONS

The proposed multi-ridge regression method enables using
distinct regularization hyperparameters for each model
coefficient. For accurate estimation of true system param-
eters in output-error model structures, it is essential to use
an instrumental-variable-based fitting loss. While consis-
tency is also maintained for nonlinear ARX structures,
output error structures require output linearity for the
instrumental-variable method’s consistency. Future activi-
ties focus on extending the approach to nonlinear systems
with an output-error noise model. This involves adopting
Prediction Error Methods or bias-correction schemes to
ensure a consistent parameter estimate.
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