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ARTICLE INFO ABSTRACT

Recommended by T. Parisini Common regularization algorithms for linear regression, such as LASSO and Ridge regression, rely on a
regularization hyperparameter that balances the trade-off between minimizing the fitting error and the norm
of the learned model coefficients. As this hyperparameter is scalar, it can be easily selected via random
or grid search optimizing a cross-validation criterion. However, using a scalar hyperparameter limits the
algorithm’s flexibility and potential for better generalization. In this paper, we address the problem of linear
regression with ¢,-regularization, where a different regularization hyperparameter is associated with each input
variable. We optimize these hyperparameters using a gradient-based approach, wherein the gradient of a cross-
validation criterion with respect to the regularization hyperparameters is computed analytically through matrix
differential calculus. Additionally, we introduce two strategies tailored for sparse model learning problems
aiming at reducing the risk of overfitting to the validation data. Numerical examples demonstrate that the
proposed multi-hyperparameter regularization approach outperforms LASSO, Ridge, and Elastic Net regression
in terms of R? score both in a static regression and in a system identification problem. Moreover, the analytical
computation of the gradient proves to be more efficient in terms of computational time compared to automatic
differentiation, especially when handling a large number of input variables, with an improvement of more
than an order of magnitude. Application to the identification of over-parameterized Linear Parameter-Varying
models is also presented.

Keywords:

Regularization

Regularized least-squares

Ridge regression

Gradient-based optimization
Multi-hyperparameter optimization
Bilevel optimization

Multi-penalty Ridge regression

1. Introduction through random or grid search within a cross-validation framework.
However, relying solely on a single hyperparameter presents certain
limitations. Specifically, it applies the same regularization strength
to all input variables without considering the varied importance or
relevance of different features. Furthermore, regularization inherently
introduces bias by shrinking model coefficients towards zero, and
relying on just one hyperparameter limits the flexibility in managing
the bias-variance trade-off. In cases involving inherently sparse models,

where only a few input variables are relevant, it may be more suitable

1.1. Research problem

Linear regression problems often require regularization of the model
parameters for two main reasons: (i) to ensure better numerical con-
ditioning in cases of multicollinearity (i.e., when input variables are
highly correlated); (ii) to enhance the generalization capabilities of
the estimated model, as regularization drives the model coefficients
towards zero, thereby reducing model complexity and preventing over-

fitting.

The most widely used regularization techniques for linear regression
are the LASSO (Tibshirani, 1996) and the Ridge algorithm (Hoerl &
Kennard, 1970). These techniques penalize the 7, and the ¢, norm
of the model coefficients, respectively. In the simplest case, the im-
portance of the penalty term is governed by a scalar hyperparameter,
which controls the balance between fitting the training data and enforc-
ing a penalty on the norm of the model coefficients. The use of a singu-
lar scalar hyperparameter simplifies its selection, usually accomplished

to encourage only the model parameters associated with non-relevant
variables to approach zero, rather than penalizing the other model
coefficients as much or at all.

While addressing these limitations by introducing multiple hyperpa-
rameters, potentially assigning one to each input feature, seems theoret-
ically appealing, it comes with challenges. The curse of dimensionality
becomes apparent, and the risk of overfitting increases. The search
space for hyperparameters grows significantly, making grid search
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or random search strategies practically infeasible. Even more scal-
able gradient-free algorithms, such as Bayesian optimization (Snoek,
Larochelle, & Adams, 2012), are generally limited to handling a max-
imum of roughly 50 hyperparameters. Paradoxically, while regulariza-
tion aims to prevent overfitting, introducing numerous hyperparam-
eters, such as a regularization coefficient for each feature, can inad-
vertently lead to overfitting the validation set during hyperparameter
tuning.

1.2. Contribution

This paper focuses on linear regression with an ¢, penalty on the
norm of the model coefficients, employing multiple hyperparameters.
We consider the general scenario where each input variable is asso-
ciated with its unique hyperparameter. Essentially, our problem can
be seen as a generalization of Ridge regression with multiple hyper-
parameters. Throughout this paper, we will refer to this problem as
multi-ridge regression, adopting the terminology in van de Wiel, van
Nee, and Rauschenberger (2021). To select these hyperparameters, we
employ a gradient-based approach that optimizes a cross-validation
criterion. The gradient with respect to the regularization hyperparam-
eters is analytically computed using matrix differential calculus. This
computation leverages efficient matrix-vector multiplication available
in modern scientific computing libraries such as NumPy, PyTorch, and
JAX.

As outlined in Bengio (2000), optimizing a large number of hy-
perparameters through cross-validation can lead to overfitting to the
validation set. To mitigate this risk, we introduce two strategies that
are particularly suitable for solving sparse model learning problems.

In the numerical examples, we will demonstrate that using multiple
regularization hyperparameters enhances the performance compared to
single-hyperparameter Ridge regression. Furthermore, it outperforms
both LASSO and Elastic Net, even in the context of sparse model
learning problems.

To ensure the reproducibility of our results and to encourage further
contributions to the field, we have made a PyTorch implementation of
our proposed approach. This implementation is tailored with a scikit-
learn compatible interface, ensuring seamless integration into existing
workflows. Both the implementation and the results presented in this
paper are freely available on the GitHub repository at the following
link: https://github.com/gabribg88/Multiridge.

1.3. Related works

The problem of Ridge regression with multiple penalties was early
proposed in Hoerl and Kennard (1970). A gradient-based approach
to optimize the algorithm’s hyperparameter was later addressed in
the seminal work (Bengio, 2000). The author here proposes to solve
the inefficient step of computing the gradient of the problem vari-
ables with respect to the hyperparameters through a combination of
Cholesky decomposition and backpropagation. The approach intro-
duced in Bengio (2000), later implemented in Latendresse and Bengio
(2000), has been then extensively explored in subsequent studies.
For instance, the works (Bertrand et al., 2022; Franceschi, Donini,
Frasconi, & Pontil, 2017; Hataya, Zdenek, Yoshizoe, & Nakayama,
2022; Lorraine, Vicol, & Duvenaud, 2020; Pedregosa, 2016) propose
efficient solutions to compute the computationally expensive gradient
step mentioned in Bengio (2000). These solutions employ approxima-
tors (e.g., Neumann series as demonstrated in Hataya et al. (2022),
Lorraine et al. (2020)) or iterative procedures (e.g., conjugate gradi-
ent in Pedregosa (2016), reverse-hyper gradient in Franceschi et al.
(2017), or proximal non-smooth techniques in Bertrand et al. (2022)).
Although these approaches provide approximate solutions, they have
proven to be satisfactory, particularly for machine learning tasks, as
discussed (Blondel et al., 2022; Pedregosa, 2016).
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Another research avenue that has gained momentum from Bengio
(2000) is the exploration of optimizing regularization hyperparameters
by targeting specific machine-learning problems. By selecting a partic-
ular machine learning application, researchers can frame the task of
finding the optimal variable fitting, while simultaneously determining
the best configuration for the hyperparameters, as a bilevel optimiza-
tion problem. This allows for tailored approaches to effectively address
the challenge. Interesting tools have been proposed, among others,
in Bennett, Hu, Ji, Kunapuli, and Pang (2006) for regularized Support
Vector Machines, in Do, Foo, and Ng (2007) for log-linear models,
in Frecon, Salzo, and Pontil (2018) for the group-LASSO setting, and
in Kunisch and Pock (2013) for Ridge and LASSO regularizations. An al-
ternative approach to nested optimization for selecting the multi-ridge
hyperparameters is based on maximization of the marginal likelihood
and discussed in van de Wiel et al. (2021).

In relation to the existing literature, we present a custom approach
to linear regression with ¢, regularization, that enhances flexibility
and generalization by assigning unique regularization hyperparameters
to each input variable. The proposed approach is a generalization
of Ridge regression, and allows to perform model structure selection
as LASSO (as discussed in Section 3.3). The novelty of the proposed
approach with respect to the previous literature is the introduction of
a framework for the optimization of these hyperparameters through
an efficient gradient-based method using matrix differential calculus,
making it practically applicable, and the incorporation of tailored
mitigation strategies to prevent overfitting.

A preliminary short version of this paper, which focuses more on
the identification of dynamical systems and does not include detailed
derivations of the results, is presented in Maroni, Cannelli, and Piga
(2024).

1.4. Paper organization

The paper is organized as follows. Section 2 introduces the math-
ematical notation used throughout the paper. Section 3 presents the
multi-hyperparameter regression problem addressed in our contribu-
tion, along with an intuitive motivation of the advantages of using
multiple regularization hyperparameters over a single one, especially
in sparse model learning problems. In Section 4, we present the analyt-
ical computation of the gradient of the cross-validation criterion with
respect to the regularization hyperparameters. Detailed derivations can
be found in the Appendix to facilitate a smooth reading flow. Section 5
discusses the two strategies we propose to reduce the risk of overfitting
to the validation set. Section 6 provides numerical examples showcas-
ing the effectiveness of our approach. One of these examples is focused
on the identification of over-parameterized Linear Parameter-Varying
models, a topic previously tackled in the literature using LASSO-like
and kernel-based algorithms (see, e.g., Laurain, Téth, Piga, and Darwish
(2020), Piga and Té6th (2013), Téth, Hjalmarsson, and Rojas (2012)).
Finally, Section 7 offers conclusions and directions for future research.

2. Notation

We denote with ® the Kronecker product and with ® the elemen-
twise matrix multiplication. We denote with Diag : R" — R™" v
Diag(v), the operator that maps a column vector v € R"” in a n X n
diagonal matrix Diag(v) having the elements of v itself on the main
diagonal and zeros otherwise; conversely, we denote with diag : R"™" —
R", V + diag(V) the operator that maps a matrix V' € R™" in diag(V),
that is the column vector v € R” collecting the entries of the main
diagonal of V. vec(-) denotes the vectorization operator that stacks the
columns of a matrix vertically to form a column vector. Given a matrix
A € R™" ||A|l denotes its Frobenius norm, and A’ the transpose of
A. Finally, we indicate with I the identity matrix of size N.

Given a matrix U € R™" and a real-valued function ¢ : R™" - R,
U ~ ¢(U), the gradient of ¢ w.r.t. the vectorized version of U (vec(U))
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is denoted as V¢, with V¢ € R™. If U € R™" is a diagonal matrix,
with diagonal elements u = diag(U) € R™, V,¢ € R™ is the gradient of
the function ¢ w.r.t. the diagonal elements of the matrix U.

Given a finite-dimensionals set S, |S| is its cardinality. Finally,
with { oz(”}lf'_1 we denote a sequence of elements indexed from 1 to n,

i.e., {aV, ..., a™}, where o' can also be a tuple.
3. Problem formulation
3.1. Parametric estimate: setting

In a parametric supervised learning setting, we aim to select a
function f that maps input features x € X to output targets y € Y
from a set F of candidate functions, parameterized by a vector of
parameters 0, such that each value assumed by the vector of parameters
0 corresponds to a different function in the set 7. In this work we focus
on regression problems, and we assume X = RP, with D being the
number of input features; and Y = R in the case of simple regression
with a real-valued target, or Y = RM in the case of multi-task/target
regression, with M denoting the number of real-valued target variables.

In a real-world setting, we are given a dataset of N input-output
pairs D = {(x®, ) }ﬁl which are assumed to be independently drawn
from the same unknown probability distribution P, ,. In principle, we
would like to select the values of 6 (and hence the function f, €
F) which minimize the expected risk, defined as the expected value
E, ,[£(y, fp)] of some scalar loss function #(y, f), which is a measure
of the discrepancy between the target and the model’s prediction. In
general we do not have access to the data distribution P, ,, so we
approximate the expected risk with an empirical risk L(6) defined as
the average loss over the dataset D:

N
LO =+ 27 (5. 1 (<)) ©)
i=1

In solving regression problems, a regularization term R(6, 4) is typi-
cally added to control the complexity of the estimated function f,. Such
a regularization term is parameterized by a vector of hyperparameters
4 that regulate the trade-off between the fit and the regularization term.

The overall training criterion C(0, 1) is then defined as:

C(0,4) = L(0) + R, 1), 2)

and, for a given value of 4, the optimal parameterized function is the
solution of an optimization problem, i.e.,

O(2) = arg min C(6, A). 3)

Note that @ is a function mapping the hyperparameter vector A
into the vector of parameters A(1). Among different possibilities, the
hyperparameters A can be chosen by optimizing an evaluation criterion
E(A(2)), such as minimizing the average loss over a new dataset that
was not used in evaluating L(6). For example, in the celebrated K-
fold cross-validation strategy, the original dataset D is divided into K

partitions Dy, ..., Dg, and, consequently, the evaluation criterion takes
the form:
| K
E(6() ==Y L, (6Y0), 4
(bw) K;k( ) @

where L, is the average loss over the subset D, (namely, validation
fold). Specifically:

. 1 . .
Ly (9(\“(1)) = m Z 4 (y(l)a fs(\k)u) (X(I))) B )
Kl (x) y)eD,
and (1) represents the estimate of the model parameters # obtained
from constructing C(6, 1) using all remaining folds D; (with j = 1,..., K
and j # k), i.e.,
AOE ®)
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e Y004 (9)) + RO,
| Uj;&k Dj| (= y0)

€Ujzk Dj

arg mgn

Thus, the hyperparameters 4 are selected by solving the minimiza-
tion problem:

* __ H )
¥ =arg min £ (6(n). )]
The hyperparameter optimization problem is thus a bilevel opti-

mization problem, and the optimal vector of hyperparameters A* is
obtained as:

A% =argmin  E (6) 8
s.t. 61 = argmin C(0, 4),

wherein the objective function of the outer optimization problem (7)
depends on the solution of the inner optimization task (3).

3.2. Linear-in-the parameter models and quadratic loss

In this work, we consider:

« as the set of candidate functions, linear-in-the-parameter func-
tions of the form

fe(x) =x'0, ©)

where ® € RP*M s the coefficient matrix and fg(x) is a row
vector of size M whose its ith component represents the model
prediction for the ith output;

a quadratic fitting loss:

£ 09 fo () = |5 - (<) o' ao

a quadratic regularization term:

1
R©, 1) = 5 | 4OII%., an
where A = Diag(4), and 4 € RP is the vector of hyperparameters.

Thus, the general expressions (6) and (7) of the K-fold cross-
validation specialized, respectively, for the above choices (9)-(10)-
(11), become:

@(\k)(A) — 12)
) ; w2 1403
wgnin 50— 30 = () @+ ==
| U#k jl(xm‘ym)
€Ujzk D)
and
A* = (13)
w1 2
. ; 0] ") &\
argmm—Z— ¥ = (x0) @MU .
42K G S ” ”

To ease readability, without any loss of generality, in the rest of
the paper we assume that all cross-validation folds have equal size,
namely: |D,| = - = |Dg| = Ny = Y This implies that the amount
of samples used in the validation step (see (13)) of each cycle of the
cross-validation is %, while Ny = (K - 1)% is the number of samples
used to estimate the model parameters @\ (A) in (12).

To leverage the matrix differential calculus approach, presented in
Section 4, and to enhance notation clarity, we introduce the following
matrix notation. Let X, € RN7*? and ¥, € RN*M be matrices stack-
ing in their rows, respectively, the input samples x) and the output
samples y), with (x®, y) € |, D;. Similarly, let X, € RM>*P and
Y, € RMv*M be matrices stacking in their rows, respectively, the input
samples x() and the output samples ), with (x,y) € D,.
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Based on the introduced notation, the model parameter estimate
(12) can be rewritten in the following compact Tikhonov regularization
form:

AN (A) = arg min C(©, 4)
=arg m@in L(®) + R(O, A)

2
1A®]
>

1
2Ny

= argmén HY\k - X\k('BHi + 14)

while the optimal hyperparameters A in (13) can be expressed as:

A* =argmin E (OW))

K
1 -
= argmin —- I; L (©N(4))

K
5 b - e

= arg min
emi 2Ny

3.3. Motivation

The main motivation behind the optimization of multiple hyperpa-
rameters stems from the well-known fact that conventional regulariza-
tion techniques, such as LASSO, Ridge regression, or Elastic Net, reduce
the variance of the estimate while concurrently introducing bias in the
estimation of model parameters, by shrinking them closer to zero. In
a intuitive sense, employing multiple hyperparameters enables vari-
ance reduction of the estimate variance, while upholding an unbiased
estimation of the model parameters.

In order to intuitively explain the concept, let us consider an illus-
trative example where the output variable y is scalar and generated
according to:

y:)/@O +e, ae)

where e is white noise, independent of the input x, and ®, € RP
denotes the “true” (unknown) parameter vector. Let us take a scalar
2 €R, 2 # 0, and let ®,; be the jth element of @,. If the true
parameter vector @, is assumed to be sparse, then a hyperparameter
matrix A € RPXP with diagonal elements

1 ifO,;=0
{7 e

if @, #0 °

would regularize (thus shrinking towards zero) the model parameters
©; such that the corresponding true parameters are ®,; = 0. On the
other hand, it would not shrink towards zero the model parameters
©®; such that ®,; # 0. Hence, this type of regularization does not
introduce bias into the model while it reduces the variance of the
estimate compared to non-regularized approaches. Furthermore, for
A= o, ® ; — 0, and thus input variable selection is also performed
without introducing model bias.

Nevertheless, it is important to note, as also discussed in Bengio
(2000), that using multiple hyperparameters /A introduces greater adapt-
ability in the average loss L, (609 (1)) in (5). More flexibility could
potentially increase the risk of overfitting to the validation data em-
ployed for hyperparameter selection. In Section 5, we discuss two
strategies aimed at mitigating the risk of overfitting in the case where
the true underlying parameter matrix @, is sparse.

j=1,....,D, a7

4. Gradient-based multi-hyperparameter optimization

In this section we show how to compute the gradient V,E of
the evaluation criterion E (appearing as a cost function of the outer
optimization problem (15)) with respect to the hyperparameter matrix
A. This allows us to compute the optimal hyperparameters A* through
any gradient-based numerical optimization algorithm, such as Vanilla
(stochastic) gradient descent; ADAM (Kingma, 2014), Adagrad (Duchi,
Hazan, & Singer, 2011), RMSProp, etc. We point out that while global
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optimality cannot be guaranteed, nevertheless gradient descent is a
well-established method for finding local optima, which can still pro-
vide valuable and practical solutions, especially when the objective
function is non-convex (Murphy, 2022), as in the problem at hand.
Moreover, to further reduce the risk of being trapped in local optima
that could lead to poor generalization properties, the outer problem in
(15) can be solved using different initial conditions for A. Nevertheless,
in the experiments we conducted, we observed that the approach is
quite robust to the choice of initial conditions. A practical choice for
the initial condition, which enabled fast convergence to a satisfactory
solution, can be guided by the solution of a Lasso problem, as discussed
in the simulation example in Section 6.3.

The estimation of the model parameters @\¥)(A) in the Tikhonov
regularized form (14) has the following analytical solution:

A -1
O\O(A) = (X(kx\k + NTAA) X Vo (18)

where the transpose of A is omitted in the equation above since A is
diagonal, thus symmetric.

The gradient V 4 E can be readily computed via automatic differen-
tiation (e.g., using the deep learning Python libraries such as PyTorch
or TensorFlow). Nevertheless, employing backpropagation to solve the
Tikhonov regularization problem (14) was observed to be inefficient
when handling a growing number of features, as also discussed in the
numerical example in Section 6.2. For this reason, an analytical strategy
for gradient computation is adopted in this paper. The proposed ap-
proach leverages the framework of matrix differential calculus (Magnus
& Neudecker, 2019), enabling the derivation of gradients in a ma-
trix form, thereby exploiting the efficient matrix—vector multiplication
features available in scientific computing libraries such as NumPy,
PyTorch, and JAX.

The following expression for the gradient V 4 E is derived:

K

Nr Y vec (AB, + B A),

V4E =~
KN, &~

(19a)

with B, = A/ X/R, (W), 4, = (X<kX\k+NTAA> ' and R, =
X, 0004) —Y,.

Since A is constrained to be diagonal, at each update step of
gradient-descent, only the gradient of the evaluation criterion E with
respect to the diagonal elements A of the hyperparameter matrix A is
of practical interest, and its expression is given by:

K

e NT 1
ViE=-gx- Z{ diag (ABy + B, A). (19b)

All the details behind the derivation of the gradients (19a) and (19b)
are reported in Appendix A.

5. Reducing the risk of overfitting

Assuming that the true parameter matrix ©, is sparse, this section
introduces two strategies with the objective of guiding the hyperpa-
rameters A towards the form outlined in (17). These strategies aim to
mitigate the potential of overfitting the hyperparameters A during the
cross-validation stage.

5.1. Optimal-solution augmentation

The strategy discussed in this subsection is based on the observation
that any non-zero scaling of the hyperparameter matrix A does not
affect its “optimal” structure in (17). Thus, given: (i) true model
parameters @, and (ii) the optimal structure of A* from (17), (i) and
(i) implies that the term ||y A*©, ||2F, equals 0 for any scaling parameter
v € R (v # 0). Nevertheless, the model parameters ©; associated with
zero elements of the true parameters ©,; (or equivalently associated
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with non-zero hyperparameter Aj*) remain subject to regularization
towards zero.

To promote the sparse structure of A* in (17), we consider a finite
set I' of non-zero scaling parameters y. The optimal hyperparameters
A* are then computed as follows:

K
.11 A 2
A* = —_— Y, - X, 000, 20
HEMN N T ;;“ =X & Woa 20
with model parameters given by:
CANZVE @D
arg min ! Z ”y(i) - (x(i)), G')”2 + 1 llyA®|% .
© 2Np A 2 F
ORGN
€Ujzk D)

This approach bears similarity to data augmentation, a well-establi-
shed technique often employed in deep learning tasks such as image
recognition. Data augmentation involves introducing synthetic images
(generated through operations like, for instance, rotation or adjust-
ments in illumination) to the training dataset. This helps enforce desir-
able properties such as invariance to rotations and illumination. Instead
of adding artificial data, our approach ensures that the hyperparame-
ters A are not just adjusted to match the data, but rather ensure a small
fitting error ||Y, — X k@(\k>(y/\)H2F in (20), for any y € I, as anticipated
by the theoretical optimal hyperparameters A* in (17). In other words,
the optimal model parameters @\X)(yA) are expected to be invariant
to any non-zero scaling factor y. To further highlight the similarity
with data augmentation, it is interesting to note that newly constructed
artificial model parameters @\X)(y A) (for each y € I') are used in the
computation of A in (20).

The practical implementation of the regularization strategy dis-
cussed above requires minor changes to (18), (19a) and (19b), which
become, respectively:

Oy 4) = ( KX+ Npy AA) X 22)
V,E=- 2 vec (ABy + B, A (23)
A |F| Z Z k k )
V,E = Z Y diag (AB + By A) . 24)
|F| k=lyerl

with B, = ALX!R, (O
1
(X<kX\k + Nyy AA)

R, = X,009(A) - Y,, and 4, =

5.2. Regularization in validation

The second strategy for reducing the risk of overfitting stems from
the same considerations discussed in the previous paragraph. Indeed, in
the case of a sparse true parameter vector ®,, we would aim to guide
the hyperparameter A to take the structure in (17), rather than simply
minimizing the fitting herror (Y, — X, ©\W(A) ? of the kth validation
fold. To this aim, the validation loss function in (15) is modified as
follow, by introducing a regularization term:

A* = Mgrrgnﬁ i ”Yk _Xk@(\k)(A)Hi+
k=1

TN 2
L previal
k=1

where y € R, with 4 > 0, acts as an additional hyperparameter.
Thus, unlike the “optimal-solution augmentation” strategy discussed in
Section 5.1, this approach requires the tuning of an additional (albeit
scalar) regularization hyperparameter, hence the requirement for an
additional hyper-validation dataset.
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The practical implementation of the regularization strategy dis-

cussed in this subsection requires the derivation of the gradient of the
regularization term:

0= jug el
k=1

with respect to A (or equivalently 1), whose analytical expressions are
given by:

V,0= ﬂZvec( R T(AGk+GkA)), (272)
k=1

V,0 = u Zdiag (Dk (O N, (AGk+GkA)> . (27b)
k=1

with D, = AO\W and G, = A,A'D, (6\W)".

Derivations of the gradients V ,Q (resp. V,0) in (27a) (resp. (27b))
are based on similar differential matrix calculus arguments used to
compute (192a) and (19b), and are reported in Appendix B.

6. Examples

In this section, we present numerical examples to demonstrate the
effectiveness of the multi-hyperparameter optimization approach. In
this context, we conduct a comparative analysis between this approach
and established benchmark techniques, such as LASSO, Ridge and
Elastic Net regressions, all of which are readily available through
the Python scikit-learn package. Comparison in terms of final model
performance and computational complexity is discussed in Sections 6.1
and 6.2, respectively. Parametric identification of Linear Parameter-
Varying (LPV) dynamical systems with an unknown model structure is
addressed in Section 6.3.

Model performance is measured on a test set (used neither for
training nor for validation) through the R? index, defined as:

leesl |y(’) y(:)”
R? = max 0;1— N
el PR

(28)

where 7 is the estimated model output for the ith sample, 7 is
the sample mean of the outputs over the test dataset, and N, is
length of the test dataset. In assessing algorithms’ performance, we use
test datasets larger (up 100x) than the training set. Although this is
not realistic in practice, it allows us to have a fair and statistically
significant evaluation and comparison of different algorithms.

Output data (including test data) is corrupted by an additive noise
e. The effect of the noise is measured in terms of the Signal-to-Noise
Ratio (SNR), defined as:

_ 2
SNR = 1010g<%>. (29)
e

For the multi-ridge case discussed in the paper, numerical optimiza-
tion is performed through gradient descent, with learning rate chosen
manually. In the first and third examples and in all algorithms discussed
in this section, 5-fold cross-validation is implemented to select the
regularization hyperparameters. Once the hyperparameters are chosen,
models are re-estimated on the complete training dataset. In the second
example, a simple holdout validation is used, as the focus is only on the
numerical computation of the gradient V, E and not on assessing model
performance.

All computations are performed on a server with two 64-core AMD
EPYC 7742 Processors, 256 GB of RAM, and 4 Nvidia RTX 3090 GPUs.
The hardware resources of the server have been limited to 10 CPU
threads and 1 GPU.

The software has been developed in PyTorch with a scikit-learn
compatible interface. All the codebase, along with documentation,
is available in the GitHub repository https://github.com/gabribg88/
Multiridge.
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Fig. 1. Example of dataset realization. The training dataset (top) varies with each
experiment, while the test dataset (bottom) remains constant across all experiments.
Output signal (blue) and noise (orange).

6.1. Example 1: Sensitivity to the number of features

In this numerical example, we investigate the sensitivity of different
regularization strategies with respect to the number of features, while
keeping the number of data points and the information ratio (i.e., the
ratio between the total number of input features available in the dataset
and the number of informative features) constant.

Since the number of features effectively determines the complexity
of the model, we expect that as the ratio of input features to data
points grows, the model’s capacity to capture not only the underlying
pattern but also the noise within the training data, increases, potentially
resulting in overfitting. As the overfitting increases, the impact of the
regularization term becomes more significant. This provides a basis for
comparing the effectiveness of various regularization strategies.

14 distinct conditions are simulated, with the number of features D
incrementally ranging from 100 to 1400 with a step of 100. To enhance
the statistical significance of the results, we replicated each condition
10 times, utilizing different random seeds for each replication. In each
individual experiment, a total of N,,,;,, = 10° training data samples and
N,.; = 10° test samples were generated, according to the following
linear data generation procedure:

y=x'0, +e, (30)

where each component of the feature vector x € R? is drawn from a
Normal distribution N'(0, 1). The noise e is also Normally distributed,
with e ~ N'(0,62) and variance 62 chosen to ensure an SNR of approx-
imately 20 dB. The actual coefficient vector ®, is a sparse version of a
vector ®,, whose components are drawn from a uniform distribution
U'[_s.50; between —50 and 50. The relation between ©, and ©, is thus
expressed as:

éov/ = { O®0,j

where T C {1,2, ..., D} represents the index set of informative features.
The cardinality of T is |Z| = | DI, |, with |-] being the floor operator.
The fraction of informative features I, is set to 0.5 and kept constant
throughout this example. Each element j € T is uniformly drawn at
random, without replacement, in {1,2, ..., D}. An example of a dataset
realization can be seen in Fig. 1.

In each experiment, the benchmark learning algorithms underwent
a systematic training process with the following sequential stages:
(i) standardization of both features and target variable; (ii) hyperpa-
rameter optimization through 5-fold cross-validation;, (iii) re-training
of the models on the complete training dataset; (iv) evaluation of
algorithms’ performances on a test set. Hyperparameter optimization
varies depending on the regularization algorithm, as detailed below:

ifjet

ifjg1 ~ @D
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Fig. 2. Example 1: model performance vs number of input features for different
regularization algorithms. Median over 10 repetitions (dots), along with 5-th and 95-th
percentile (bars) are depicted.

 Ridge regression: a grid-search was conducted on a logarithmi-
cally spaced grid of 10° values for the /,-regularization strength.
The grid values ranged from 10~3 to 10°.

LASSO: a grid-search was performed using a logarithmically
spaced grid of 103 values for the /,-regularization strength. The
grid values spanned from 10~ to 102.

Elastic Net regression: a random-search was executed with 10
repetitions on pairs of: logarithmically spaced values of the reg-
ularization strength ranging from 105 to 10°, and ratio between
¢, and ¢, regularization spanning linearly from 0 to 1.

For multi-ridge regression, the hyperparameters A are optimized
through a gradient-based approach, and initialized as an identity matrix
Ip. The learning rate is set to 350 across all scenarios, with a decay rate
of 0.999 applied at each epoch over the course of 300 training epochs.

Results are presented in Fig. 2, illustrating the sensitivity of model
performance with respect to the number of input features for Ridge,
LASSO, Elastic Net, and the proposed multi-ridge regression. For less
than 300 features, all methods deliver performance comparable to the
oracle model with the true parameter vector ®,. However, as the
number of input features grows, each method exhibits a gradual decline
in performance due to overfitting.

Multi-ridge regression consistently outperforms the other bench-
mark regularization strategies. Notably, simple Ridge regression records
the lowest performance. This outcome is expected for the given prob-
lem with a sparse true parameter vector. Thus, algorithms that promote
sparse solutions, such as LASSO, are more suitable. Nevertheless, even
though multi-ridge regression employs ¢, regularization instead of ¢,
it still outperforms LASSO. This enhanced performance stems from our
method’s flexibility in assigning a distinct regularization strength to
each feature, based on its inherent informativeness.

6.2. Example 2: Computational performances

In this numerical example we show the advantages in terms of
both computational efficiency (measured in terms of GPU time) and
numerical accuracy (assessed by quantifying the norm of the difference
between the analytic calculation and the automatic differentiation,
as implemented within the PyTorch framework) during the compu-
tation of the gradient in (19b). These benefits become increasingly
pronounced as the number of features in the simulated dataset grows.
More specifically, we constructed 50 distinct scenarios, each character-
ized by a progressively growing number of features, with logarithmi-
cally spaced values. For every scenario, we conducted 10 experiments,
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Fig. 3. Example 2: Results of computational performance. GPU time required to compute the gradient V,E (upper panels); norm of the difference between analytic computation
of the gradient V,E and its numerical computation through automatic differentiation in PyTorch, denoted as V,E (lower panels).

each repeated with varying random seeds to enhance the statistical
significance of the results. In all the experiments, a fixed number of
N,4in = 10° training data samples were generated. Each data sample
was composed of an input—output pair (x, y), where x € R? and y € RM,
with M = 10. Generated samples were subsequently partitioned into
training fold data and validation fold data, according to an 80:20 ratio.
This is equivalent to simple holdout validation instead of K fold.

The input features x, the targets y, as well as the hyperparameters
A, are generated according to a Normal distribution, with zero mean
and unitary variance.

The experiment is conducted in 2 different scenarios. Firstly, with
variables represented in double-precision floating-point format
(float64), and secondly, with variables represented in single-precision
floating-point format (float32). The number of features ranges from 10
to 104,

Results are illustrated in Fig. 3. The upper panel of the figure dis-
plays the GPU time required for the computation of the gradient ﬁ
The orange line corresponds to the time taken by the PyTorch autograd,
whereas the blue line indicates the time consumed by the analytic
calculation. As the number of features increases, the analytic calcula-
tion showcases a significant enhancement in computational efficiency,
obtaining computational speed more than an order of magnitude faster
w.r.t. automatic differentiation.

The lower panel of the figure displays the norm of the difference
between the analytic calculation and the computation through auto-
matic differentiation. In the scenario where variables are represented
in double-precision floating-point format, this difference is negligi-
ble. Nonetheless, when variables are represented in single-precision
floating-point format, this difference becomes noteworthy as the num-
ber of features increases.

6.3. LPV identification

As a last example, we consider the identification of an LPV system
described by the AutoRegressive eXogenous (ARX) form:

y(k) = 0.5 cos (p(k))y(k — 2) — 0.1 sin (p(k)y(k — 3)
+ (cos (p(k)) — sin (p(k))u(k — 2)
+ 3sin (p(k))ulk — 3) + e(k), (32)

where u(k), y(k), and p(k) represent the measurement of the input,
output, and scheduling variable at time step k, respectively, while e(k)
is a random Gaussian white noise.

A small-size dataset D of size N = 50 is gathered by exciting the

system (32) with a white noise input sequence {u(k)} 1]<V=1’ with u(k)

drawn from a Gaussian distribution N(0, 1). The scheduling variable
p(k) is also drawn from a Gaussian distribution, with p(k) ~ N'(0, 7).
The amplitude of the noise e(k) is chosen such that the SNR is about 14
dB (namely, the ratio between the power of the noise and the power of
the noise-free output is approximately 4%).

In estimating the LPV system (32), we assume to be in a set-
ting where the system structure is not known, and we consider an
over-parameterized LPV-ARX model of the form:

g np
) =Y a;(p(k)yk = j)+ Y by (plkeputk = ), (33)
j=1 j=1
with n, = n, = 30. Furthermore, the dependence of the coefficient
functions a ; and b; (j = 1,...,30) on the scheduling parameter p is
parameterized in terms of a linear combination of a finite number of

a-priori chosen basis functions, as follows:

a;(p(k) = Y a; 3y, (p(k), (34a)

s=1

b(p(k)) = )" by s (p(k)), (34b)
s=1

where n, =8, {a;, € R}" ,and {b;; € R}""  are the unknown constant
parameters to be estimated, and y(p(k)) is the sth element of the vector
function:

wy(p) = [1 p p* p* sin(p) cos(p) sin*(p) cos*(p)] . (35)

Summarizing, we have to estimate n,(n,+n,) = 480 parameters from
a dataset of length N = 50. In such a setting, regularization is expected
to play a fundamental role for the estimation process.

For multi-ridge regression, the initial conditions of the hyperpa-
rameters 4 are extracted from the solution of a LASSO problem. More
specifically, if the model parameter ®, estimated by the LASSO is zero,
then the related hyperparameter 4; is set to 10, otherwise 4; = I.
This means that, in the initialization of A, a 10x higher penalization
is given to the model parameters estimated as zero by the LASSO.
The optimal-solution augmentation strategy discussed in Section 5.1 is
implemented to reduce the risk of overfitting to the validation datasets,
by minimizing the evaluation criterion in (20) for y € I' = {0.5, 1, 2}.

The performance of all the tested algorithms is evaluated on a test
data of length N, = 3000. Fig. 4 shows the boxplots of the different
approaches over 200 Monte Carlo simulations, with: input, noise and
scheduling variable independently regenerated at each run. The figure
shows that LASSO, Elastic Net and the multi-hyperparameter approach
proposed in this paper provide satisfactory performance, achieving
a median R? value of 0.88, 0.86 and 0.91, respectively. However,
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Fig. 4. LPV identification: boxplots of the R? index over 200 Monte Carlo runs.
Medians: Least Squares (0.18); Ridge (0.21); LASSO (0.88); Elastic Net (0.86); multi-
ridge (0.91).

this example also highlights how simple Ridge regression does not
have enough flexibility in its regularization term. In contrast, multi-
ridge regression, having a much larger flexibility, surpasses LASSO’s
performances too, even when dealing with a sparse structure in the
“true” parameter vector.

7. Conclusions

Multi-penalty Ridge regression increases the degrees of freedom
of the regression algorithm, thus allowing to enhance model’s perfor-
mance compared to widely adopted regularization techniques such as
LASSO, Ridge, and Elastic Net regression. The optimization of multi-
ple regularization hyperparameters can be achieved through gradient
descent. Here, the analytical expression of the gradient for a cross-
validation criterion with respect to the regularization hyperparameters
can be derived using matrix differential calculus, avoiding the need
for automatic differentiation and backpropagation. As shown in the
numerical examples, this offers numerical benefits, especially when
dealing with a large number of features. In particular, simulation
results show that for small (100) to medium (800) feature sets, the
improvement percentages are modest, but they noticeably increase as
the number of features grows. For instance, the improvement over
Ridge is 0.046% at 100 features and approximately 2% by 800 features.
For large feature sets (900 to 1400 features), the improvements become
quite substantial. Overall, Multi-Ridge outperforms Ridge, Lasso, and
Elastic Net by significant margins, achieving over a 20% improvement
over Ridge, and 7% over Lasso at 1300 features. This notable per-
formance improvement highlights the effectiveness of Multi-Ridge in
high-dimensional spaces, where traditional methods may struggle with
the increased risk of overfitting.

The approach is specifically tailored to #, regularization and takes
advantage of the fact that the optimal model parameters can be de-
termined analytically. However, ongoing research aims to extend the
matrix differential calculus-based approach presented in this paper
to other types of problems where optimal model parameters cannot
be expressed analytically and must be determined through iterative
numerical optimization. These types of problems include LASSO with
multiple hyperparameters or nested optimization problems arising in
meta-learning, where models are trained on the task of learning them-
selves, often with the aim of rapidly adapting to new tasks using only
a small-size dataset.
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Appendix A. Derivation of (19a) and (19b)

By the first identification theorem (Magnus & Neudecker, 2019, Chap-

ter 9, Section 5), the relationship between the differential and the
gradient of the evaluation criterion E is given by:

dE = (V,E) dvecA, (362)
or equivalently:
dE = (V,E) da. (36b)

Thus, from (36), both V,FE and V,E can be readily obtained, as
discussed in the following. By differentiating both sides of (4) and
leveraging linearity of the differential operator, we obtain:

K K
1 1
dE=d| = ) L, |=—= ) dL,. 37

To derive dL, (and thus dE), L, is rewritten in terms of the trace
operator as follows:
1 2 1

L= Ny IR = o (RLR;) (38)
where Rk X, ©09(A) - Y,. By differentiating (38):
dL, = Z—dtr (RRy)

= —tr [(dR}) Ry + RjdRy]

= [ dR,) R+ R;(de]

= tr (R,dR; + R dRy)

1
=5 (RLdRy), (39)

where the following properties of the differential operator are used, for
any matrix U € R™" and V € R"?:

dU’) =dU’,
dUV) =

(40a)

dU)V +UdV  (Product rule). (40b)

The computation of dL, in (39) requires to compute the differential
dR,. From the definition of R, and the analytical expression of the
model parameters © in (18):

dR, =d (X, 009) (41)
=d (Xk (X X+ NTAA> <kY\k>
=d (XkAkX Y\k) X, (dA) X[ Y.

-1
with A, = gx<kx\k +NypAA) . By substituting (41) into (39), and
from the cyclic property of the trace operator, we obtain:

dL, = 1\} tr [R X, (dAk)X\kY\k]
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- NLVtr (X ruR X dA,). (42)

The differential d A, appearing in (41) can be easily computed starting
from the definition of the definition of A,. Specifically, we have:

dA,=d (X{kx\k + NTAA)‘I

= —NrA,d (AA) A,, (43)
where the following identity is used:
dw Yy =-wla@wmw, 44

for any invertible square matrix W € R"™ ™. By substituting (43) into
(42), we obtain:

dL, = Nre[xr v, R X, Ad(AA) A
k——Ntr \k\kkkk( ) Ag
V
N (A X YO R X Ad (AA
= N r k\k\kkkk( )
14
N N
= —N—:tr [@VOR! X, Ard (AA)] . (45)

Finally, from the product rule and by defining B, = A} X} R, ((:)(\")),,
(45) can be written as:

Ny [a
dr, =-<Lu [6(\k)R;{XkAk dA) A
|4
+ (:)(\bR;CXkAkAdA]
N
=~ [BL(dA) A+ B Ad A]
|4

N,
=——Ltr[AB] (dA) + B, Ad A
Ny

N
= —N—Ztr [(AB] + B A)dA] . (46)
Using the following property: for any matrix U € R™" and V € R"*?:
tr (U'V) = vec(U) vec(V), 47)
(46) becomes:
Nr ’
dL, = — N vee (ABy + By A) dvecA. (48)
v
By combining (37) and (48), the differential d E can be written as:
K
N ’
dE =~ ,Z{ vec (ABy + By A)' dvecA. (49)
Thus, from (49) and (36a), we observe:
N, K
VAE=-—L1"% vec(AB, + B,A), (50)
KNy k=1

which proves (19a). In order to prove (19b), we rewrite (46) as:

N
dLy = ~Tdiag (ABy + B A)' d. (51)
Vv

where we used the following properties:
(52a)
(52b)

tr (W Diag (v)) = diag(W)' v,
dDiag(v) = Diag(dv),

for any square matrix W € R"™" and vector v € R". By combining (37)
and (51), the differential d E can be written as:

K

NT . '
dE = — d AB B, A) dA.

KNV,; iag (AB, + B, A) dA (53)
Thus, from (53) and (36b), we observe:

N, K
T .

VAE=—KNV Y diag (ABy + B;A), (54)

k=1
which proves (19b).
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Appendix B. Derivation of (27a) and (27b)
First, let us rewrite the regularization term Q in (26) as:
K
0= 0, (55)
k=1

with:
1 500[% 1 ( 500\ A(\k))
0 = Ju 40| = Jutr ((6W9) 426

= Jutr (D,Dy), (56)

where D, = A©\Y and the dependence of @\% on A is omitted to
ease reading. Differentiating both sides of (56) and using the trace
and differential operator properties already adopted in Appendix A we
obtain:

40, = 3ud [ir (D,D,)] = Tutr [d (D} Dy)]

= %;m [(d D)) Dy + D;dD,]

= %;m [(de)’ D, + D,Qde]

= %,m (D}dDy + D;dDy)

= utr (D,dDy). (57)
From the definition of D,, (57) can be rewritten as:
dQ, = utr [Dld (AONW)]

= utr [D}, (d4) O + D} AdONW)

=y [tr (@D, dA) + tr (D, AdONW)] . (58)
Let us now focus on the second term in the right side of (58), which is
rewritten by using the same properties adopted in Appendix A, as:
tr (D, AdO\W) =
=t [D,’CAd ((X<kX\k + NTAA)‘l X{kY\k>]
= [DyA (dA,) X[ %]
=tr (X{kY\kD;CAdAk>
=Nyt [X{kY\kD;CAAkd(AA) Ak]
= =Ny tr [@NOD! A4, d (AN)]
=—Nptr [@WD, AAL (dA) A+ O D AAAdA]. (59
By defining G, = A} A’ D, ((-:)<\"))/, the above equation can be written
in the compact form:
tr (D, AdONW) = Ny tr G}, (dA) A + G|, Ad A

==Nytr [(AG} + G, A) dA]. (60)

Then, by substituting (60) into (58), we obtain:
dQy = u|tr (ONODIdA) — Ny tr ((AG), + G} A) dA)]

= u [tr (O D] — Ny (AG, + G| A))dA)]. (61)
Thanks to (47), (61) can be written as:
dQy = uvee (DONI—Np (AG, + Gy A)) dvecA. (62)
Based on the same considerations discussed in Appendix A, from (62),
and the definition of Q in (26), we obtain:
VAszivec (D (8\9)' = Ny (4G, +Gi) ). (63)

k=1

thus proving (27a). Using the matrix properties in (52), (61) can be also
written as:

dQ, = pdiag (D (6W)' = Ny (4G, +GyA) )' di. 64
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Therefore:

K
V,0=pu Y diag (Dk (O — Ny (4G, + GkA)) . (65)
k=1

thus proving (27b).
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