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Abstract Planning over discontinuous dynamics is needed
for robotics tasks like contact-rich manipulation, which
presents challenges in the numerical stability and speed of
planning methods when either neural network or analytical
models are used. On the one hand, sampling-based planners
require higher sample complexity in high-dimensional prob-
lems and cannot describe safety constraints such as force
limits. On the other hand, gradient-based solvers can suf-
fer from local optima and convergence issues when the Hes-
sian is poorly conditioned. We propose a planning method
with both sampling- and gradient-based elements, using the
Cross-entropy Method to initialize a gradient-based solver,
providing better search over local minima and the ability
to handle explicit constraints. We show the approach al-
lows smooth, stable contact-rich planning for an impedance-
controlled robot making contact with a stiff environment,
benchmarking against gradient-only MPC and CEM.

1 Introduction
Contact-rich manipulation tasks such as door opening and
gear mating involve significant environmental dynamics and
constraints, which discretely switch during the task as con-
tact conditions change. Human manipulation can effectively
handle these contact changes, realizing safe and robust be-
havior even with uncertain geometry and dynamics. Robotic
manipulation methods which can maintain safety (e.g. limits
on contact force and actuation) and robustness (variation in
contact geometry or dynamics) are needed which are suited
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to discontinuous dynamics.
Gradient-based optimization methods are popular for con-

tact planning, with a range of formulations from contact im-
plicit [1–4] to hybrid contact modes [5, 6]. Sampling-based
methods have been used for higher-level contact mode plan-
ning [7, 8] and continuous planning [9].

The tradeoffs between sampling and gradient-based plan-
ners has led to recent interest in combining them, such as
adding gradient steps to the sampling-based Cross-Entropy
Method (CEM) [10, 11]. In contact, recent work has com-
pared the variance of gradient-based and gradient-free policy
learning in contact [12]. This raises the question if a plan-
ning method can effectively use both parallelized sampling
and gradients, where sampling may address the initialization
sensitivity of gradient-based methods [13], while gradient-
based methods can provide explicit safety constraints. This
paper proposes a planning method which leverages CEM and
interior-point optimization for contact-rich planning tasks.

1.1 Related works

Model-based planning for contact-rich robotic tasks consists
of finding the action sequence that minimizes a cumulative
cost function, according to learned, parametrized, or sim-
ulated dynamics. Usually, optimized actions are executed
with model predictive control (MPC), replanning at each time
step. The problem can be formulated using complimentarity
conditions for contact constraints [1, 14], where sequential
quadratic [2] or interior-point [3] solvers can be used. This
contact-implicit trajectory optimization allows planning of
contact mode and trajectory in one problem with multiple
contacts and Coulomb constraints [3, 4, 13]. Alternatively,
hybrid dynamics can be written with dynamics for each con-
tact mode [5, 6].

The contact planning problem is challenging, typically
needing relaxations [3,9], linearization [4,13], or quasi-static
assumptions [15] to achieve acceptable speeds. The resulting
problems can be sensitive to initialization [13], and in general
gradient-based methods can suffer from local minima or poor
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Sampling- and Gradient-based Planning for Contact 1 INTRODUCTION

Figure 1: Experimental setup showing a robot making contact with a ta-
ble, moving towards a hinge contact condition, providing a task with three
modes: free space, vertical stiff contact, and hinge contact. The soft contacts
are used for validating the effect of contact stiffness on performance.

convergence when the Hessian of the Lagrangian is poorly
conditioned [16].

On the other hand, population-based sampling planners
can parallelize well and do not need gradients, such as
Random-Sampling Shooting [17], Model Predictive Path In-
tegral Control [18], and the Cross-Entropy Method (CEM)
[19]. Sampling-based have been used in contact planning,
for higher-level mode initialization of a contact-implicit [7]
and reachability planner [8]. Sampling can also be used for
the continuous planning, where Rapidly-exploring random
trees have been applied to relaxed contact models [9].

These zeroth-order optimizers maintain a sampling distri-
bution action sequences [20], which is sampled from then
updated at each iteration, assigning a higher probability to
higher reward action sequences. In recent years, there has
been a huge research effort on sampling based optimization
in the context of model-based reinforcement learning. By
adding temporally correlated actions and memory, CEM can
be improved in both sample-efficiency and reward perfor-
mance [21]. In [22], authors proposed a model-based rein-
forcement learning approach in which the interaction dy-
namics was directly learned through an ensemble of Artifi-
cial Neural Networks (ANNs) and CEM was used for online
planning. However, CEM, like all sampling-based planners,
suffers from scalability as the dimension of the action space
or planning horizon grows, requiring more samples for con-
vergence and having increasing reward variance [10,23]. Ad-
ditionally, sampling-based methods cannot explicitly handle
state constraints, raising questions about the ability to han-
dle safety in contact.

An interesting idea is to combine zeroth-order and first-
order planning methods in order to enjoy the benefits of both
simultaneously. To this end, authors in [10, 11] proposed a
combined planning framework that performs gradient up-
dates on the sampled trajectories. Although able to exploit

Hybrid Particle
Filter iCEM

MPCImpedance
controlled robot

Figure 2: Block diagram of the proposed approach

the advantages of both approaches, these methods still show
scalability issues with very high dimensional planning prob-
lems, and don’t handle constraints. For policy learning in
contact, recent work [24] has shown that first order meth-
ods can have higher variance than zeroth order methods at
higher stiffness and in longer planning horizons.

1.2 Paper contribution
To address poor convergence and local minima problems of
gradient-based optimizers when dynamics are discontinu-
ous, we propose a hybrid planner that uses both sampling-
and gradient-based MPC. Contact is modelled with hybrid
dynamics, where dynamics are switched according to con-
tact mode. A particle filter is used to estimate the hybrid
state online, providing a belief of current mode for the plan-
ner. CEM is used to initialize the action and state trajectory,
modified to normalize sample cost by the weight and min-
imizing expected cost over the belief in mode. A gradient-
based optimizer is then used, enforcing explicit constraints
on the robot trajectory, as seen in Figure 2.

Compared to the work of [21], this CEM rolls out trajec-
tories on a hybrid system, leveraging the contact mode be-
lief provided by the filter to weight the computed samples
costs. Compared to other combined sampling- and gradient-
based planning approaches [10, 11], this method can enforce
explicit constraints on the robot trajectory and handles hy-
brid dynamics. Our method is also validated experimentally,
showing the feasibility of the approach with a real high-
stiffness contact task.

The proposed approach is applied to contact-rich manipu-
lation as seen in Figure 1, where the impedance controller
reference trajectory is planned. The ability to estimate of
contact mode online, as well as safely respond with changes
in control is validated. This paper first introduces the dy-
namic models used, estimation of contact mode. Then, plan-
ning framework is introduced and studied in simulation. Fi-
nally, experiments are used to validate the approach, com-
paring the proposed planner to only MPC and only CEM.
We find that the CEM initialization helps with discontinu-
ous dynamics, reducing the mean and variance of the total
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Sampling- and Gradient-based Planning for Contact 3 ONLINE PLANNING METHOD

solve time, even from just one iteration, as compared to a
pure gradient-based MPC for contact.

2 Problem Statement and Models
This section introduces the dynamic models used for contact
and the hybrid dynamic model.

2.1 Stiffness Contact Model
We model environment contact as parallel 1-DOF stiffnesses
to compromise between model identification efficiency, ease
of deployment, generalizability, and differentiability [25].
The ith stiffness element exerts contact force Fi at the point
of contact of

Fi = KT
i (xo

i − (Rxi + x)) , (1)

where stiffness Ki ∈ R3 has a rest pose at xo
i ∈ R3 and

xi ∈ R3 is the contacting point in TCP frame, transformed
into world coordinates with R and x , the orientation and
position of the end-effector. The contact normal and stiffness
are jointly described by the vectorKi, i.e., the contact normal
is ni = Ki/∥Ki∥, and the stiffness is ∥Ki∥. For a single
point stiffness, the joint torque induced is τi = JT

i Fi, where
Ji = ∂(R(q)xi + x(q))/∂q.

When Nc contacts are active, the total external joint
torque is τe =

∑Nc

i=1 τi(q). The parameters Ki, xo
i , and

xi can be identified from least-squares fit on a dataset as
minK,xo,x

∑
t ∥τmt − τe(qt,K, xo, x)∥. These contact forces

are composed of differentiable operations, and easily imple-
mented in automatic differentiation (AD) frameworks to sup-
port their use in gradient-based planning.

2.2 Discontinuous Dynamics
The standard serial manipulator robot dynamics

M(q)q̈ + C(q, q̇) +Bq̇ +G(q) = τm + τe (2)

is assumed to be available in an AD framework, with joint
position q ∈ Rn, inertia matrix M(q), Coriolis terms C(q, q̇),
viscous damping B, gravitational torque G(q), input torque
τm, and torques from contact τe.

We discriminate between different contact modes by let-
ting the torque τe depend on the mode z ∈ [1, . . . , Nz],
where each mode has different point contact models, result-
ing in a different τe. We suppose the mode changes during
the task, denoting the value at t as zt.

As typical in contact models, we use semi-implicit integra-
tion which handles stiff differential equations better [14]. For
a time step ∆t:

zt ∼ p(zt|zt−1) (3)

ξt =

[
qt
q̇t

]
=

[
qt−1 +∆tq̇t

q̇t−1 +∆tM
−1(τm + τe(zt)−Bq̇t)

]
(4)

where p(zt|zt−1) is a diagonal-dominant discrete transition
matrix. As the external contact force τe(zt) depends on the
current discrete mode zt, the dynamics can be written as:

ξt =

[
qt
q̇t

]
= f

([
qt−1

q̇t−1

]
, zt−1, τm,t−1

)
. (5)

For an EKF, the dynamics in (5) would be linearized with
respect to the state, adding a process noise contribution of
w ∼ N (0, Q). The observation model would comprise the
external joint torques τe plus the joint positions as

yz = Czξ + v, (6)

where Cz = [CT
q ,

∂τe(z)
∂ξ

T
]T , Cq = [In, 0n], v ∼ N (0, R)

is the measurement noise, assumed to be independent and
identically distributed, ∂τe(z)/∂ξ is the Jacobian of the ex-
ternal contact torques τe(z) with respect to the joint states
ξ, and In an identity matrix of dimension n.

2.3 Robot impedance dynamics
The robot is controlled with a Cartesian space impedance
controller, where the 3 DoF impedance controlled robot dy-
namics are

τm = JT (q) [Dẋ+K (x− x0)] +G(q) + C(q, q̇) (7)

where x, ẋ ∈ R3 are respectively the TCP Cartesian posi-
tion and velocity, J = ∂x/∂q and the impedance parameters
are x0 ∈ R3 which represents the Cartesian impedance rest
position, the damping D ∈ R3×3, and stiffness K ∈ R3×3

matrices, which are here all diagonal.
The dynamics in Eq.7 can then be updated to provide con-

trolled discretized dynamics of[
qt
q̇t

]
= f

([
qt−1

q̇t−1

]
, x0,t−1, zt−1

)
. (8)

3 Online Planning Method
This section introduces the belief estimation, cross-entropy
and gradient-based planning method used.

3.1 Belief estimation
For estimating the hybrid state, we adopt a hybrid parti-
cle filter algorithm [26]. The proposed algorithm main-
tains an overall belief of the discrete mode p̂(zt|y1:t), from
the weighted belief of individual particles p̂(z(i)|y1:t−1). In
each step, each particle samples a discrete mode ẑ

(i)
t ∼

p̂(z
(i)
t |y1:t−1), then propagates the mean µ

(i)
t and the covari-

anceΣ(i)
t of continuous state ξt with the corresponding mode

dynamics and observation equations via a standard Extended
Kalman filter step [26]. Each particle p(i) is characterized by

3
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the tuple [µ(i)
t ,Σ

(i)
t , p̂(z

(i)
t |y1:t−1), ẑ

(i)
t ]. An overview can be

seen in Algorithm 1, where ẑ(i)t is the sampled mode for parti-
cle i, Ŝ(i)

t = cov(yt|y1:t−1) the predicted observation covari-
ance, w(i)

t the weight, ŷ(i)t|t−1 = E(yt|y1:t−1) is the predicted
measurement, and δ is the Dirac delta function. The posterior

Algorithm 1 Hybrid filter

for all particles p(i) do
µ̂
(i)
1|0 ← µ0

Σ̂
(i)
1|0 ← Σ0

p̂(z
(i)
1 |y1)← p(z0)

end for
for all time step t do

for all particles p(i) do
p̂(z

(i)
t |, y1:t−1) = p̂(z

(i)
t−1|y1:t−1)p(zt|zt−1)

ẑt
(i) ∼ p̂(z

(i)
t |, y1:t−1)

(ŷ
(i)
t|t−1, Ŝ

(i)
t , µ̂

(i)
t , Σ̂

(i)
t )

← EKF (µ
(i)
t−1,Σ

(i)
t−1, yt, ẑt

(i))

w
(i)
t ∝ N (yt; ŷ

(i)
t|t−1, Ŝ

(i)
t )

end for
Resample particles {p(i), w(i)

t }Ni=1

Estimate marginal posterior belief as
p̂(zt|y1:t) ∝

∑N
i=1 w

(i)
t δzt(ẑ

(i)
t )

end for

belief p̂(zt|y1:t) is used to detect changes in contact, and is
used in the planning methods to weight the costs associated
with different modes.

3.2 Proposed Cross-Entropy Method
The Cross-Entropy Method (CEM) samples actions from an
action distribution, rolls out these trajectories and evalu-
ates their resulting costs, adapting the action distribution
to reduce loss. Sampling-based approaches may avoid lo-
cal minima problems or convergence issues when gradients
are not smooth due to the discontinuous dynamics, poten-
tially reaching state-action pairs that would not be reached
by gradient-based methods. Thus, we use CEM iterations be-
fore proceeding with a gradient-based non-linear solver.

The adopted CEM algorithm is based on the work of [21].
The CEM here is initialized from the hybrid filter at each time
step t with the set of particles consisting of continuous joint
states values ξ(i)t , their weightw(i)

t and discrete sampled state
z
(i)
t , [

ξ
(i)
t , w

(i)
t , z

(i)
t

]N
i=1

. (9)

This list is used for calling the dynamics with the hybrid
mode z

(i)
t with initial continuous state ξ

(i)
t along with the

sampled actions ut:t+h. As in typical CEM, actions are itera-
tively sampled and the sampling distribution shifted towards

the elite samples which have the best loss. A detailed expla-
nation of the steps is given in Algorithm 2. In Algorithm 2,

Algorithm 2 Proposed iCEM
Require: N : number of particles, h: planning horizon, d:

action dimension, β: colored noise exponent, Niter : CEM-

iterations,
[
ξ
(i)
t , w

(i)
t , z

(i)
t

]N
i=1

: list of particles, K : elite
size

Initialize:
ut:t+h = uMPC

t−1:t+h−1

Σu = 1
Loop:

for k in Niter do
noise samples← N samples from Cβ(d, h)

action samples u(i)
t:t+h

← N samples from clip(ut + Cβ(d, h) · Σu)

normalize weights w(i)
t ←

w
(i)
t∑N

i=1 w
(i)
t

trajectory rollouts ξ(i)t+1:t+1+h

← f(ξ
(i)
t , u

(i)
t:t+h, z

(i)
t )

costs l(i) ←
cost of each {ξ(i)t+1:t+1+h, u

(i)
t:t+h}Ni=1

normalize costs l(i) ← l(i)

w
(i)
t

elite set← best K samples according to cost
ut:t+h,Σ

u ← fit Gaussian distribution to elite set
end for

return best action trajectory uiCEM
t:t+h

ut:t+h and Σu represent the mean and the standard deviation
of the action sequences, at the beginning of each time step t
we initialise the mean with the optimal value found at the
previous time step t− 1 by the non linear MPC solver while
the standard deviation of the sequences is re-initialised every
time with the matrix 1 ∈ Rd×h, whose elements are ones.
Cβ(d, h) represents the colored noise distribution, built fol-
lowing the approach in [21]. Within the CEM inner loop,
we keep updating the action sequences statistics by fitting at
each iteration the best K trajectories; as long as the solver
converges the mean ut:t+h is initialized at each time step
with the optimal solution and the likelihood of sampling op-
timal solutions increases. The cost of each particle l(i) is
divided by the particle weight, so a low likelihood particle
results in a higher cost, to avoid actions which favor low-
likelihood particles from being sampled more heavily. The
cost function itself is the same as described in the following
section for the MPC problem.

The CEM returns both the best action trajectory, along
with the associated state trajectory, which are used to initial-
ize the decision variables in a gradient-based MPC problem.
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3.3 MPC problem
The MPC problem is formulated using multiple-shooting
transcription with a generic problem statement of

min
ut:t+h

t+h∑
t

Nz∑
z=1

p̂(z|y1:t)lz(ξzt , ut) (10)

s.t. ∀z ∈ [1, . . . , Nz], τ ∈ [t, . . . , t+ h− 1] : (11)
∥ξzτ+1 − f(ξzτ , uτ )∥ ≤ ρ (12)
g(ξzt , ut) ≥ 0 (13)
u ∈ U (14)

where h is the planning horizon, U is the range of allowed in-
puts, ρ is the slack for continuity constraints (the inequality
is applied element-wise), z ∈ [1, . . . , Nz] represents the set
of the different contact modes, and g represent general state
and input dependent inequality constraints. A trajectory is
rolled out for each mode, ξzt , where continuity is imposed
according to that mode’s dynamics in f ; p̂(z|y1:t) is the con-
tact state belief information coming from the hybrid filter at
time step t. The constraints shown in the optimization prob-
lem are nonlinear, so an interior-point nonlinear optimiza-
tion solver is used. While nonlinear, the problem is written
in an automatic differentiation frame- work, allowing calcu-
lation of the gradient and Hessian of the objective and con-
straints, significantly improving convergence.

The general stage cost function, which would be used also
in the CEM loop, is defined as

lz(ξz, u) =(xd − x)TQx(xd − x)

+ (u− x)TQu(u− x) + ẋTQẋẋ
(15)

where xd is a desired position in world frame to be tracked,
x and ẋ are the Cartesian position and velocity of the robot
TCP expressed with the forward kinematics function, di-
rectly depending on the joint configuration. In this scenario,
the state ξz = (qz, q̇z) is represented by the robot joint vari-
ables for each mode z, while the adopted control input u is
shared among the different modes and is impedance rest po-
sition x0. The constraint is g = F imp − ∥K(x− x0)∥2, lim-
iting the virtual impedance force applied to F imp.

4 Simulation Study
To study the proposed approach, studies in simulation are
used to investigate the solve time and resulting performance.
To see the variance in the performance, each problem is
solved repeatedly with the initial state ξt perturbed with
N (0, 0.1) between solves, finding the mean and covariance.

4.1 CEM vs MPC in stiff contact
To compare qualitative properties of sampling- and gradient-
based solvers, a simple tracking problem in stiff contact K =
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Figure 3: Comparing state and control trajectory from CEM vs MPC for stiff
dynamics.
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Figure 4: Comparing the resulting cost for a CEM- and MPC-only solve with
stiff dynamics. While the CEM approaches the MPC performance at a high
number of iterations, it does not fully converge.

1e4 N/m is set up with a cost function to track desired posi-
tion. As can be seen in Figure 3, the CEM (solid line) has more
variation in the control trajectory, and the state trajectory is
slower to converge than the MPC (dash-dotted line).

The mean and variance as Niter is varied can be seen in
Figure 4, where the CEM performance saturates before ap-
proaching that of the MPC solver. The variance of the CEM
performance decreases at higher iterations, but remains or-
ders of magnitude larger than the variance of the MPC solver
(1e− 9).

4.2 CEMWarmstart on total solve time
To study the relative performance of the gradient- and
sampling-based methods in discontinuous dynamics, we ex-
amine two performance characteristics: time to solve and re-
sulting expected cost.

First, the solver is used to solve a free-space problem ac-
cording to (10) with horizon h = 20 steps and stepsize
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Figure 5: Effect of the number of CEM warmstart iterations on total solve
time (CEM+MPC)

∆t = 0.05 seconds. Then, the dynamics is changed to a sin-
gle point contact model of stiffness K = 5e3 N/m and the
previous solution used initialize the current step. This ini-
tialization is then used for Niter iterations of the CEM before
starting the next MPC solve.

The mean and covariance of the total solve time for the
CEM iterations and MPC solve can be seen in Figure 5. As can
be seen, the CEM helps to reduce both the mean and variance
of the solve time, even from just one iteration. However, as
the number of CEM iterations increases, the time required
increases, indicating the additional time required to do more
CEM iterations is not saving as much time in the MPC solver.

To analyze the impact of important process parameters,
we study the improvement by Niter = 5 warmstarts over a
range of stiffnesses and planning horizons. The results can be
seen in Figure 6, where as the stiffness and horizon increase,
the CEM improves both the mean and variance of solve time.
This trend matches the impact of stiffness and planning hori-
zon in policy gradient estimation [12], where gradient-free
methods performed better at long horizons and higher stiff-
nesses.

5 Experiments

To validate the performance on real-world contact
tasks, we apply the proposed method to the two tasks
seen in Figure 1. The code and data are available at
https://gitlab.cc-asp.fraunhofer.de/
hanikevi/contactmpc.
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Figure 6: Effect of problem parameters (stiffness and planning horizon) on
solve time for only MPC (orange) and proposed approach (blue).

5.1 Vertical contact task

In the vertical contact task, the robot moves from free space
into contact with an environment. The stiffness of the en-
vironment is adjusted by adding the yellow or purple foam
seen in Figure 1, or direct contact with the aluminum table.
In Figure 7 we can see how the stiffness parameter influences
the contact mode detection responsiveness. Despite the de-
veloped CEM+MPC approach successfully worked for all the
contact environments, from the plot we can see that with
stiffer contacts the mode detection is more sharp, with the
transition triggered right in correspondence of the vertical
force peak. For lower stiffness contacts, mode detection is
slightly delayed with respect to the force peak, probably be-
cause the lower measured interaction force makes it more
difficult for the filter to assign different likelihood values.

5.2 Pivot task

In this task, the robot makes contact with the table, slides
along the surface until making contact with the wall. The
MPC problem is solved with h = 13, ∆t = 0.04, an
impedance cost of Qu = 0.05, maximum impedance force of
F imp = 25, a desired pose of xd = [−,−, 0.01] in free space,
and xd = [0.35,−, 0.01] in plane and hinge modes, where
− are omitted from the cost. In this experimental setup, the
proposed approach was compared to a simple MPC approach
without the CEM warm-start, in order to validate experimen-
tally the results achieved in simulation. From the plots in Fig-
ure 8, it can be seen that without the CEM warm-start, the
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Figure 7: Effect of stiffness on contact detection

impedance rest position shows a small discontinuity in its
trend, and this can be noticed especially when the first tran-
sition is triggered. This result is in line with what we have
shown in the simulation study, the proposed CEM+MPC ap-
proach helps in decreasing the total solve time at contact
transitions.

6 Conclusion
This paper proposed an approach to planning on discontin-
uous dynamics which uses a modified CEM to initialize a
gradient-based planner. It was shown that such an approach
can reduce the variation in solve time when discontinuities
in dynamics occur. The approach was also vlidated on real
contact tasks, showing that planning method results in safe
robot trajectories which respond to the contact conditions.
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